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In the past ten years, topological insulators attracted worldwide attention. Their 
insulating bulk states and metallic boundary states make them a new classification of 
materials other than metals or insulators. Possessing topologically protected spin-
momentum locking boundary states, topological insulator is widely expected to be a 
promising material for future applications. 
Antimony (Sb) and bismuth (Bi) are important component of several kinds of 
topological insulators. At the same time, Sb and Bi have non-trivial topological 
properties under some conditions. Therefore, the investigation on electronic states of 
Sb and Bi can provide a better understanding of the topological insulator.  
In this thesis, I combine the scanning tunneling spectroscopy (STS) and density 
functional theory (DFT) calculations to reveal the electronic properties in Sb and Bi 
films. The evolution of the surface states in Sb, Bi and Bi1-xSbx films with the film 
thickness are investigated. The experimental and calculation results prove that the 
quantum confinement effect can help to open a bulk gap in Sb, Bi and Bi1-xSbx films. 
At the same time, when the film thickness is decreased, an inter-surface coupling of 
surface states is observed. This result indicates that, the penetration depth of the 
surface states or edge states cannot be neglected when the thickness of sample is 
reduced to nanometers. It provides limits of thickness for topological materials to 
preserve their topological properties.  
Compare with the surface states of Sb(111) film, the surface states of Bi(111) and Bi1-
xSbx(111) films have lower penetration depth. Moreover, according to the DFT and 
tight-binding calculation, the bulk energy gap is also tunable with the composition of 
x 
 
Bi1-xSbx film. This provides a greater possibility to optimize the properties of 
topological insulators. 
Along with the investigation on Sb, Bi and Bi1-xSbx films, several methods are 
developed or improved, such as the QPI pattern simulations based on DFT 
calculations, hexagonal enhancement for QPI patterns from FT-STS. These methods 
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Chapter 1: Introduction 
Expansion of human knowledge always requires accumulation of previous basics. The 
development of topological insulators is based on the achievements on the symmetry 
theory, the spintronics and the nano-technology.  
Among these three, the understanding of symmetry has the longest history, which can 
be traced back to the architectural aesthetics of ancient civilizations. When it came to 
the 19th century, the establishment of Group Theory marks the beginning of a 
systematic study of symmetry. After that, the awareness of symmetry began to 
accelerate. From the periodic table of elements, Maxwell's equations, band theory to 
the Standard Model, which was confirmed by the recent discovery of Higgs Bosons, 
all these are significant scientific progresses under the guidance of symmetry. 
On the other hand, the knowledge of spin is also necessary before the discovery of 
topological insulators. The spin of electrons was first observed by the Stern-Gerlach 
experiment at the beginning of the 20th century. And in the next century, several 
subjects such as quantum filed theory, quantum information and spintronics deepened 
the understanding of spin. In the 1980s, the discovery of giant magnetoresistance 
effect marked a great success in the application of spin and significantly enhanced the 
data storage capacity. Since then people have placed great hopes for future studies of 
spin. The spin of electrons is now expected to contribute more to the electronic 
engineering. 
At the same time, substantial progresses have been made in the nano-technology 
especially in the recent 30 years. We are improving our capability in nano-
fabrications, spectroscopy, extremely low temperature and ultra-high vacuum (UHV) 
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system. Only when we have these technologies, can we manufacture and manipulate 
these nano-materials, check the correctness of those fundamental theories, and 
produce high-tech devices to benefit all of us. All these technologies make it possible 
to bring the topological insulators into realization from theory. 
The understanding of symmetry, the research on electronic spin and the mastery of 
nano-technology are the accumulations of previous basics for current progress. When 
all these three are combined, it strikes the spark of knowledge, i.e., the topological 
insulator. 
In this thesis, the topological insulators based on Sb and Bi related nano-materials is 
investigated. This chapter provides a brief introduction to topological insulators, 
including the concepts and some proposed applications. It is divided into three 
sections: in Section 1.1, the concept, and properties of topological insulators are 
introduced. Section 1.2 provides a literature review for the relevant research progress 
in the last 10 years. In Section 1.3, the motivation of the research and the synopsis of 
this thesis are presented. 
 
1.1 Introduction to topological insulators 
Topological insulator attracts attention because it is a new member of Hall effect 
family following the quantum Hall effect. As is known, the quantum Hall effect left a 
profound impact on condensed matter physics in the last century. When it moves to 
the 21th century, theoretical physicists predicted the existence of topological 
insulators. They pointed out the intrinsic difference between topological insulators 
and normal insulators, and also claimed unusual boundary states belonging to the 
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topological insulators. In the next several years, some materials were found and 
proved to be topological insulators by experiments, such as HgTe [1,2], Bi1-xSbx alloy 
[3-5], Bi2Se3 [6-8]. The non-trivial topological surface states are directly observed by 
angle-resolved photoemission spectroscopy (ARPES) in accordance with the theories. 
The great success of the theoretic prediction inspires both experimental and 
theoretical physicists. They place hopes on the broad potential applications based on 
topological insulators. 
The concept of topological insulator was first proposed by C. L. Kane in 2005 [9,10], 
along with the Z2 topological number. The definition of this topological number can 
be traced back to quantum Hall effect (QHE) and TKNN (Thouless, Kohmoto, 
Nightingale and Nijs) theory [11]. Different from QHE, the topological non-trivial 
property does not require an external magnetic field, but it is an intrinsic and 
spontaneous anomaly of a material. Once the lattice structure and the atoms are 
determined, its topological property is determined. Spin-orbit coupling makes the 
band reversed and thus leads to a non-trivial topological band order in the material. 
After the theoretic prediction of topological insulator, some materials with non-trivial 
topological orders were proposed by density functional theory (DFT) calculations. 
And later they were fabricated and proved to be topological insulators by 
experimental methods. 
The QHE or integer quantum Hall effect (IQHE) was experimentally observed by 
Klaus von Klitzing and his collaborators in 1980 [12]. In an ideal 2D electronic gas 
system, usually formed at the interface of AlGaAs and GaAs, when an external 
perpendicular magnetic field B   is applied, the continuous electronic bands will 
become discrete energy levels, with their gap proportional to the strength of magnetic 
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field B  . This is mainly caused by the quantization of carriers in closed cyclotron orbits. 
The energy levels are called Landau levels, named after the famous physicist Lev 
Landau because of his prediction about the quantization of the cyclotron orbits. 
 
Fig. 1.1 Schematic diagrams of (a) electron vortex in Quantum Hall Effect, (b) Hall 
resistance and longitudinal resistance with magnetic field 
 
In the experiment, Klitzing found that in the 2D electronic gas, the Hall 
conductivity  ζxy  can only be an integer multiple of a constant  e
2 h , and it is 
insensitive to the geometry of devices. As shown in Fig. 1.1, with the increase of the 
magnetic field, the energy gaps between Landau levels and the degeneracy of each 
Landau level will both increase. During the process, the Fermi level will inevitably 
cross a Landau level. If and only if Fermi level crosses a Landau level, the Hall 
conductivity will have a sudden change with the amount proportional to the 
degeneracy in this Landau level. The observation of the quantized Hall conductivity 
sparked the exploration of the quantum effects in real materials. After Klitzing’s study, 
the QHE experimental results were theoretically linked to the gauge invariance 
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(Chern number) by R.B. Laughlin in 1981 [13]. Thouless, Kohmoto, Nightingale and 
Nijs also established the TKNN theory to explain it by topology in 1982 [14]. 
When topology is discussed, the first and also the most understandable concept is 
topological genus. The topological genus describes the number of handles attached to 
an object. For example, for a sphere or a disk the topological genus is 0, while for a 
coffee cup or a donut it is 1. In the Z2 topological insulator system, one invariant, 
called Z2 number, can take this place and it equals to the integration over half of the 
first Brillouin Zone.  
   Z2 =  
1
2π
 d2k ∙ A
BZ /2
−  dl ∙ F
∂BZ /2
  mod2                      (1.1) 
Kane proved that [10], the Z2 number is also an integer and related to the number of 
topological obstructions in the first Brillouin Zone. Moreover, it can only take the 
value of 0 or 1, which represents respectively the topological trivial states or 
topological non-trivial states. On the other hand, considering the time reversal 
symmetry and inversion symmetry, the integration over the other half of first 
Brillouin Zone must have the same topological Z2 number and helps to eliminate the 
total topological Chern number. With the Z2 topological number to be 1, the material 
will be a topological non-trivial one. Such a material has an odd number of Dirac 
cones, and its electronic bands are reversed for singular times across the Fermi level. 
When the Z2 number is 0, the material will be a topological trivial one. Although there 
might exist an even number of Dirac cones in the first Brillouin Zone, they are not 
topologically protected, which means the Dirac cones will easily be broken and 
opened a gap under some external perturbation. They are topologically equivalent 
with normal insulators. Therefore, different topological properties will lead to 
significant differences in electronic properties. 
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The electronic states of topological insulators are quite different from those of normal 
materials. They have the following features [15-19]:  
First, the bulk of topological insulator is in the insulating state, just in compliance 
with its name. However, the surface states or edge states are metallic. These metallic 
states are so-called topological surface states. They are located in the bulk energy gap 
and theoretically they will dominant in the transport process.  
Second, the electronic states are reversed for singular times at some special points in 
the momentum space, which are called time-reversal invariant momentums (TRIMs). 
The wavefunctions on the TRIMs are guaranteed to have parity symmetry — either 
odd parity or even parity. Then the electronic bands can be recognized by their parity. 
Therefore, we count the total numbers of wavefunctions with odd parity for all bands 
below the Fermi level at TRIMs to judge whether the crystal is topological non-trivial. 
If it has an even total number, the crystal is topological trivial. On the contrary, when 
the number is odd, it is topological non-trivial. This criterion is proved to be 
equivalent to the one based on Berry phase introduced previously [4], and it 
dramatically simplified the identification of the topological property. 
Third, the topological surface states are guaranteed by non-trivial topological order. In 
topological non-trivial material, the order of two bands is reversed between the inside 
and the outside of material (normally vacuum, which is topological trivial) and these 
two bands will inevitably cross with each other during the evolution from the inside of 
material to the vacuum. Such cross usually occurs on the surface of the material, 
which are the topological surface states. If we move to the momentum space, the spin 
up and spin down electrons form Kramers pairs. The spin-orbit coupling can break the 
Kramers degeneracy for the topological surface states. However, it cannot break the 
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degeneracy at the TRIMs. Therefore, there are only two ways of connection from the 
bulk to the degenerated states on TRIMs. And they are corresponding to the trivial 
and non-trivial topological properties. In the topological non-trivial case, the 
topological surfaces states necessarily cross the whole energy gap of the bulk. 
Fourth, the spin-orbit coupling modified the topological surface states. In normal 
metals, such as gold, copper, they have parabolic surface states. Both ends of one 
surface band touch either conducting band or valence band. The spin-orbit coupling 
splits their surface states into two branches. Although the spin-orbit coupling has a 
similar splitting effect on topological surface states, the results are quite different. The 
band structures of topological surface states are usually in Dirac-cone shape. In the 
Dirac-cone bands, one end point of a band touches the conducting band and the other 
touches the valence band. This effect can be explained by the Hamiltonian of spin-
orbit coupling, which is a low-speed approximation of theory of relativity. The 
Hamiltonian of spin-orbit coupling with the asymmetry of potential can be written as 
the Rashba term [20,21]: 
    HSO ∝ ζ  ∙  ∇V r × k                                              (1.2) 
 
Fig. 1.2 Spin direction, electric field and wave vector on the surface of topological 
insulators 
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The Rashba term is proportional to the mixture product of three vectors: the spin of 
electron, the gradient of potential which is equivalent to the electric potential and the 
wave vector k  . The Fermi energy in a material is usually lower than the vacuum 
energy level outside the material. This provides an electric field which is 
perpendicular to the surface and pointing outside the material to trap the electrons. On 
the surface of a topological insulator, for an electron with the wave vector k   pointing 
to the right, if its spin is perpendicular to k  , as shown in Fig. 1.2, it will gain an extra 
energy according to the Rashba term. On the contrary, if the spin direction is reversed, 
it will lose the same amount of energy. The value of the energy modification is 
proportional to k  . Therefore, a Dirac-cone of surface states with linear dispersion 
relations can be obtained in the band structure.  
 
Fig. 1.3 Two branches of spin current on the surface of 3D topological insulators 
 
Finally, the topological surface states are protected by time-reversal symmetry. 
Among common experimental conditions, only magnetic field can break time-reversal 
symmetry. If time-reversal symmetry is preserved in the system, or to be simplified, if 
there is no external magnetic field or intrinsic magnetization, the possibility of the 
scattering will be notably reduced and the dissipation heat in electric current will also 
be reduced according to theoretical prediction. This is because the topological surface 
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states in the Dirac cones have spin-momentum locking, and there is only one spin 
channel in either branch (see Fig. 1.3). At a particular energy near the Fermi level, all 
spin up electrons move to the right and all spin down electrons move to the left. 
Without the magnetic field, a spin up electron can hardly flip into the spin down state, 
so the back-scatterings between the two channels are forbidden in the topological 
surface states. An ideal topological surface current will follow the one-way rule, 
which separates spin up and spin down electrons, (see Fig. 1.4) and avoids the 
dissipations by scattering. This unusual property may have a promising prospect in 
the micro-electronics industry for its low dissipations and high efficiency. 
 
Fig. 1.4 Scheme diagram of (a) band structures of bulk states and surface states in 
topological insulators, (b) Dirac cone shaped topological surface states in 3D 
topological insulators 
 
1.2 Review of recent research 
Condensed matter physics is an experiment-oriented subject. Most important 
achievements in condensed matter physics, like superconductivity, super-fluidity, 
quantum Hall effect, and liquid crystals, were first discovered in experiments. 
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However, topological insulator, which has attracted worldwide attention, was 
hypothesized by theoretical physicists before it was achieved in experiments. In this 
section, I will briefly introduce the recent investigations on both theories and 
experiments on topological insulators. Specifically, the advantages and limitations of 
several kinds of topological insulators, like Bi2Se3, Bi2Te3, Sb2Te3, Bi1-xSbx and Sb, 
are discussed.  
In 2003, S. Murakami et al. proposed the concept of quantum spin Hall effect (QSHE) 
[22], which was classified as a 2D topological insulator two years later. They claimed 
that in a 2D material with strong spin-orbit coupling, there might be an edge state, 
which is robust and protected by time-reversal symmetry. Unlike most materials, the 
edge state is no longer spin-degenerated due to the effect of spin-orbit coupling, 
showing a rare spintronics property on the edge of this kind of material. The quantum 
spin Hall effect is a new member of Hall effect family, and later, in 2005, it was 
proved by Kane and Mele to be one branch of topological insulators [9]. In their work, 
Kane and Mele used the mathematical concept of topology to describe the 
phenomenon in condensed matter physics. They defined the Z2 topological number by 
the wavefunction of a material and formed the Z2 topological theory. After the theory 
was formulated, other theoretical works predict the existence of topological insulators 
in real materials emerged. In 2008, Jeffrey C. Y. Teo et al. [4] claimed that Bi1-xSbx 
alloy is a topological insulator when x is between 7% - 22%. Almost at the same time, 
H. Zhang et al. [8] predicted that there existed topological surface states in Bi2Se3 thin 
films. All these studies formed the fundamental theory of topological insulators. They 
successfully predicted several concrete topological materials, which were proved by 
experiments later.  
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Based on the topological theory, the first piece of experimental work is about 2D 
topological insulator in HgTe quantum wells in 2007 [2]. Later, Hsieh et al. [23] 
observed the topological surface states by ARPES in Bi1-xSbx alloy. It was the first 
time that the topological surface states were observed in experiments. In 2009, the 
topological surface states were observed also from the quasi-particle interferences 
(QPI) pattern by scanning tunneling spectroscopy (STS) in this alloy material [5]. In 
these two experiments, the ARPES could detect the global surface states, while the 
STS could detect the local surface states. They are two complementary experimental 
methods to investigate the same material. The observation of topological surface 
states in Bi1-xSbx alloy confirms the topological theory. In 2010, Bi2Se3, Bi2Te3, 
Sb2Te3, and Sb elemental crystal were found containing topological surface state. 
Compared with Bi1-xSbx, these materials have much better topological surface states, 
because they have only one Dirac cone in the First Brillouin Zone. Bi2Se3 [24-28] 
shows the best topological surface state among these materials. The band gap of 
Bi2Se3 is much larger than that of Sb2Te3 and Bi2Te3 [29-34], and the Dirac cone 
shaped surface states are located in the band gap and show a perfect linear dispersion 
relation. In Sb elemental crystal, the case is quite different. Bulk Sb is an elemental 
material [35-39], so there is no antisite defect in it. Even if any two atoms in the 
material swap positions, it will not affect the electronic properties of the material. 
However, along with this obvious advantage, Sb also has two limitations. First, the 
bulk Sb is a semimetal and the topological surface states cannot be separated from the 
bulk states and exposed in the gap. Second, there is a strong warping effect around the 
Dirac cone. Recently, some more complicated multi-element compounds such as Bi2-
xSbxTe3-ySey [40] also joined TI family, which provide us with a large variety of TI 
materials. 
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1.3 Motivation and synopsis of this thesis 
In the previous section, several types of topological insulators were discussed and 
some recent development was introduced. Although, the topological insulators have 
not been applied in fabricating devices, it is the great potential of topological insulator 
for future applications that attracts worldwide research efforts to understand its 
fundamental properties. In this section, some of these potential applications of 
topological insulators will be explained, followed with a brief description of the 
motivation and a synopsis of this thesis. 
Topological insulators have many applications. First of all, it could be used to 
fabricate non-dissipation devices[22]. As we know, the integrated circuits with line 
width to be tens of nanometers have been applied to common digital equipments. In 
such high density devices, cooling of the chips has become a bottleneck for further 
development. Topological insulator has the potential to solve the problem. As 
mentioned in the previous sections, the surface states of topological insulator have 
spin-momentum locking. The spin-up and spin-down electronic channels are going to 
the opposite directions. Compared to the normal semiconductor devices we use now, 
the scattering between electrons will obviously decrease and the dissipation heat 
caused by the Joule effect will also decrease. Apart from this, topological insulators 
can also work as spin valves or spin pump [41]. According to the Rashba splitting, the 
spin up and spin down states are not degenerated. If we assume there is a surface 
current in a topological insulator, there is only one state with particular spin available 
below the Fermi level. After a long distance transmission, the spin polarization will 
gradually converge. Finally, and the most inspiring, a topological insulator may help 
to realize the quantum computation in solid materials. According to the theoretical 
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prediction, the Majorana Fermions may exist at the interface of p-wave 
superconductor and topological insulators [42,43], and be protected by the topology. 
The Majorana Fermions can work as a quantum qubit during the quantum computing 
process. If these Majorana Fermions can be manipulated, then quantum computing 
will possibly be realized in this kind of interfaces. Of course, there is still a long way 
to go. 
Because of the significant potential for applications, it is really important to 
understand the basic properties of electronic states in topological insulators and this is 
the main motivation of the researches in this thesis. Secondly, as mentioned in the 
previous section, these current topological insulators have the following limitations: 
The band structure of Bi1-xSbx alloy is too complicated. The topological surface states 
cross Fermi level for 5 times in the First Brillouin Zone. As a result, dissipations 
cannot be avoided around the Fermi Level. The Bi2Se3, Bi2Te3 and Sb2Te3 compounds 
have single Dirac Cone, which is better than Bi1-xSbx alloy. However, since they are 
binary compounds, the swap of atom positions will lead to antisite defects in the 
crystal. In addition, it is difficult to fabricate them and maintain them in high quality. 
Sb is an elemental topological non-trivial material, but there is an overlap between the 
conduction band and the valence band. Therefore, the spin polarized surface states 
cannot be exposed in the band gap. However, the quantum confinement effect may 
change this. According to the quantum confinement effect, the band gap of Sb may be 
increased when the thickness of Sb film is reduced to several nanometers. Due to the 
increased band gap, the topological surface states of Sb can be exposed in the bulk 
band gap. The Sb thin film will become a real topological insulator instead of a 
topological semimetal. More importantly, it will be the first elemental topological 
insulator fabricated in experiments. Since elemental topological insulators can reduce 
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the difficulty in fabrication and enhance the stability, Sb thin films have great 
advantages compared with other topological insulators, and it should have great 
potentials in future applications.  
Most of the previous investigations on topological insulators are based on bulk 
materials. In our research, we focus mainly on the topological insulators in thin films. 
The investigations will be demonstrated in the next four chapters. In Chapter 2, the 
material we used in our experiments, i.e., Sb and Bi will be introduced. After that the 
research methodology will be introduced, including the UHV technology, physical 
vapor deposition, scanning tunneling microscopy and the density functional theory 
calculations. Chapter 3 will be the description and discussion about our experimental 
and calculation work on Sb(111) thin films. The experimental part will be mainly 
focused on the Fourier-transform scanning tunneling spectroscopy (FT-STS), and the 
QPI patterns obtained by FT-STS measurements. The significant difference between 
QPI patterns on 30-BL (bilayer) Sb(111) films and 9-BL Sb(111) thin films will be 
analyzed. In the calculation part, a method for the QPI pattern simulation based on the 
DFT calculations will be explained in detail. The DFT calculation also shows a spin-
momentum locking in 8-BL Sb(111) thin film, which implies 8-BL Sb(111) thin film 
can be regarded as an elemental topological insulator. Chapter 4 will mainly focus on 
the research on Bi thin films. In that chapter, the surface doping method in 
experiments and six-fold symmetry enhancement methods in calculations will be 
introduced because of the low scattering intensity on the surface of Bi. Besides this, 
the sensitivity of scanning tunneling microscopy (STM) tips during scanning 
tunneling spectroscopy (STS) measurement is analyzed in order to resolve some 
doubts encountered in research. And then, the investigations on QPI patterns of 
Bi(111) films will be analyzed based on previous study. In Chapter 5, a set of QPI 
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patterns in Bi1-xSbx films will be analyzed, in order to trace the topological phase 
transition in Bi1-xSbx. Because of the difficulty of DFT calculation for alloy, some 
computational work about the electronic states in Bi1-xSbx performed based on the 
tight-binding model will also be covered. Finally, in Chapter 6, conclusions about all 
the work in the thesis will be given along with some recommendations for future work. 
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Chapter 2: Materials and Methodology 
In previous chapter, we started with the introduction of topological insulators. This 
chapter will be divided into four sections to introduce the methodologies and 
materials of our experiments and calculations. First, Section 2.1 illustrates the Sb and 
Bi, the materials investigated in this thesis. In Section 2.2, the sample fabrication 
methods and the UHV technology will be demonstrated. In Section 2.3, the principle 
of STM and STS will be explained. Finally, Section 2.4 introduces the DFT and its 
development. It is the theoretical basis for our calculations in this thesis.  
 
2.1 Antimony (Sb) and bismuth (Bi) 
Antimony (Sb) and bismuth (Bi) are both group V elements. The bulk Sb and Bi share 
the rhombohedral lattice structure, as shown in Fig. 2.1 (a). The lattice has 3 
equivalent primitive lattice vectors, with 57° angle between each other. For Sb, the 
lattice constant is 4.6 Å, while for Bi, the lattice constant is 4.8 Å. In a primitive cell, 
there are two sub lattices. One contains the 8 atoms on the edge of the primitive cell, 
and the other is near the centre. The central atom is on the diagonal axis, but it is not 
on the central point. This small shift from the centre makes the Sb(111) and Bi(111) 
possessing a bilayer structure. As shown in Fig. 2.4 (b), Sb(111) and Bi(111) thin 
films have honeycomb structure, which is similar to graphene. The lattice constant of 
Sb(111) is about 4.31 Å while that of Bi(111) is 4.54 Å. Different from graphene, the 
two sub lattices of Sb(111) and Bi(111) are buckled. Atoms are not on the same plane 
but form a bilayer structure. There are two common types of edges in Sb(111) and 
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Bi(111) thin films, which are zigzag and armchair edges. In most cases, the zigzag 
edge possesses lower energy.  
 
Fig. 2.1 Schematic diagram of Sb and Bi (a) primitive cell, (b) top bilayer of (111) 
surface, (c) first Brillouin Zone, (d) (111) surface Brillouin Zone 
 
Bulk Sb and Bi crystals can be regarded as distorted face-centered cubic lattice (FCC). 
As shown in Fig. 2.1 (c), their first Brillouin Zones are enclosed by 14 surfaces 
including 2 hexagons in <111> direction, 6 rectangles in <110> direction and 6 
distorted hexagons in <100> direction, respective to reciprocal basis. The centre of 
three kinds of surfaces is the highest symmetric points T, X and L respectively. The 
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surface Brillouin Zone of Sb(111) and Bi(111) are hexagons, as shown in Fig. 2.4 (d). 
The 6 vertices of hexagon are K  points and the midpoints between nearest K  points are 
M  points. The projections of L points and X points to the (111) surface Brillouin 
zones are all on the M  points, while the projections of T points and Γ point are on the 
Γ  point. For Sb(111), ΓM     and ΓK     equal to 0.84 Å-1 and 0.97 Å-1 respectively. For 
Bi(111), ΓM     and ΓK     equal to 0.80 Å-1 and 0.92 Å-1. 
Sb and Bi are both semimetals. In Sb, the lowest energy of conductance band occurs 
at L point, while the highest energy of valance band occurs at H point at [0.45, 0.37, 
0.37]. The overlap of the bands is about 174 meV [1]. Bulk Sb possesses a topological 
non-trivial band order. The band reversion is mainly caused by the lattice structure of 
group V elements. In the Sb(111) thin films, when the thickness is more than 4-BL, a 
Dirac cone shaped surface states can be observed in the energy gap close to the 
valence band. There are typical topological surface states around the Γ  point. 
However, with the increase of wave vector, the states will transform to surface 
resonance states with increasing bulk partition [2]. 
 
Fig. 2.2 Band structures of (a) 20-BL Sb(111), (b) 20-BL Bi(111) thin films and bulk 
states projected on (111) surfaces 




The band structure of Bi is different from that of Sb (see Fig. 2.2). The smallest direct 
band gap in Bi equaling to 38 meV occurs at L point, while the highest energy of 
valance band occurs at T point. The overlap between them is about 37.8 meV. The 
difference of band structure between Bi and Sb is mainly caused by the strong spin-
orbit coupling in Bi. If the spin-orbit coupling is set to be 0 during the calculation, the 
band structure will be almost the same as Sb. The strong spin-orbit coupling reverses 
the band order at L point. So the bulk Bi becomes topological trivial again. However, 
different from the topological property of bulk Bi, Bi(111) thin films [3] and 1-BL 
Bi(111) thin film [4] have non-trivial topological orders according to the theoretical 
study.  
 
Fig. 2.3 Symmetry of wavefunctions on TRIMS in bulk Sb and Bi 
 
Since Sb and Bi belong to the same group in the periodic table, they can easily form 
alloy when they are deposited at the same time. The Bi1-xSbx alloy has the same lattice 
structure as Bi and Sb. The lattice constant is linearly related to the Sb composition x 
which is confirmed by DFT calculation (see Chapter 5).  As can be seen in Fig. 2.3, 
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bulk Sb and Bi have different topological orders. Therefore, there necessarily exists a 
critical composition between pure Sb and pure Bi for topological phase transition. 
According to the phase diagram obtained by the tight-binding model, when the Sb 
composition x is below to 4%, the alloy is topological trivial. For x between 7% and 
22%, the alloy becomes a topological insulator after a band reversion at L point. 
When x is above 22%, the alloy becomes a topological semimetal, just like Sb 
because of the band overlap (see Fig. 2.4) [5].  
 
Fig. 2.4 Topologcial phase diagram of Bi1-xSbx alloy 
 
2.2 Sample fabrication - physical vapor deposition 
Physical vapor deposition (PVD) is a technique to deposit thin films on different 
substrates by vaporized material. It contains a variety of methods, for examples, 
cathodic arc deposition, thermal evaporative deposition, pulsed laser deposition, 
sputter deposition. Considering the physical properties of the source material, 
especially the low evaporation temperature, all the samples introduced in this thesis, 
including antimony (Sb), bismuth (Bi) and Bi1-xSbx alloy thin films are fabricated by 
the evaporative depositions.  
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The deposition equipments are installed in the UHV system, with the pressure around 
1 × 10−10  mbar (1 mbar=100 Pa). Only at such low pressures can a clean surface be 
maintained for long enough to do experiments [6]. The range of pressure from the 
atmosphere to UHV is quite large, so no single pump can work during all the 
procedure. The UHV can only be obtained by a series of different pumps, i.e., 
mechanic pumps, turbo molecular pumps, and ion pumps, with their working ranges 
approximately from atmosphere to 1 × 10−4 mbar, from 1 × 10−3 mbar to 1 × 10−8 
mbar, and from 1 × 10−6 mbar to 1 × 10−10  mbar, respectively, as shown in Fig. 2.5.  
 
Fig. 2.5 Ranges of working pressure for different types of pumps 
 
With the assistance of titanium sublimation pump, the ion pump may acquire fresh 
surfaces to trap the target molecules and then the vacuum can be further improved. 
When the ion pump is cooled by liquid nitrogen, its pumping capacity will be even 
higher and a vacuum of 10−11 mbar level can be maintained by the ion pump in our 
system.  
In the UHV system, the pressure is read by an ion gauge. The ion gauge is mainly 
composed by a grid, a filament and a collector. Free electrons are produced from the 
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filament by thermal emission. A positive voltage applied on the grid and a negative 
voltage is applied on the collector. The positively charged grid can attract the 
electrons from the filament, keep the electrons circulate around it and eventually trap 
these electrons. The electrons may collide with gas molecules during the trip and form 
ionized molecules and more electrons. The positively charged ions will be collected 
by the negatively charge collector and form an ion current. The pressure can be 
indirectly measured by the ion current because of the proportional relation between 
them.  
Besides the pumps, to maintain the ultra-high vacuum, special seals and gaskets 
should be used between components in an UHV system. Most of the components are 
metallic, usually made of stainless steel, with knife edges cutting into a soft copper 
gasket to prevent the leakage. 
The PVD set up used in our experiments is mainly based on the solid-vapor-solid type. 
At the source part, the bulk source materials like Sb or Bi are loaded in a tantalum 
boat or Al2O3 crucible, and the sources are directly heated by current or the wounded 
tungsten filament respectively. Thermal couples are also attached to the tantalum 
boats or Al2O3 crucibles to detect the temperature of source during the evaporating 
procedure. 
Once the source is heated to reach the evaporation temperature, the vapor flux of 
source material will be straightly deposited on the substrates without scattering. It is 
quite different from the case in atmosphere, because of the long mean free path in the 
UHV chamber. The flux will cover the area with a certain angle determined by the 
holes or the aperture on tantalum boat or Al2O3 crucible. Because the flux is nearly 
uniform in this area, a uniform thin film will grow on the substrate. After the 
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deposition, we may anneal the sample to acquire a better crystallization and more 
smooth morphology. 
In our experiments, high purity Sb and Bi are evaporated from the crucible at 350- 
400 ℃. The Sb flux usually involves Sb4 molecules and results in a non-uniform thin 
film. Therefore, a tantalum foil maintained at 800 ℃ is used to reflect the Sb flux and 
crack them into Sb1 and Sb2 before reaching the sample. The schematic diagram of 
tantalum cracker can be seen in Fig. 2.6.  
 
Fig. 2.6 Schematic diagram for tantalum cracker on Sb source 
 
The substrates we used are silicon (111) and highly oriented pyrolytic graphite 
(HOPG). A clean Si(111) surface can be obtained by the following steps: first, it is 
cleaned by some organic solvent such as acetone or isopropyl alcohol before it is 
loaded into the UHV system. Next the Si(111) needs to be degassed up to 600 ℃ for 
several hours to remove the adsorbates, followed by annealing at 900 ℃ to remove 
SiO2. Finally, a flash up to around 1200 ℃ for about 10 seconds can clean the surface 
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further. After 2-3 times of flash operations, a clean Si(111)7×7 substrate (see Fig. 2.7 
(a)) can be obtained.  
 
Fig. 2.7 (a) STM image of 7×7 reconstruction on silicon (111) surface, (b) schematic 
diagram of HOPG top layer 
 
The HOPG has a layered structure, and the top layer of HOPG is shown in Fig. 2.7(b). 
The interaction between the layers is week, so the clean surface of HOPG can be 
fabricated by removing several top layers. It can be simply realized by adhesive tapes. 
The HOPG also has an inert surface, and does not easily form compound or alloy with 
impurities. After 600  ℃  degassing in the UHV system for 10 minutes, most 
adsorbates can be removed.  
The clean Si(111) 7×7 and HOPG are the substrates we commonly used during the 
experiments. These two substrates have their respective advantages: the interaction 
between thin films and Si(111) is strong, so the thin films are more likely to be 
uniform. On the contrary, the interaction between films and substrate is weak on 
HOPG, so it is easier for crystallization on the HOPG. 
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Apart from them, the Si(111)- 3 ×  3Bi - β is also a good choice for substrate. It is a 
passivated silicon substrate. An equivalent amount of 2-BL Bi is deposited on Si 
(111)-7×7 at room temperature and annealed at 450 ℃ to obtain Si(111)-  3 ×  3 Bi 
- β surface. 
2.3 Scanning tunneling microscopy (STM) and scanning tunneling 
spectroscopy (STS) 
STM and STS are the main measuring methods in our experiments. STM is usually 
used to measure the surface atomic structures and morphology of samples. It was 
invented by Gerd Binnig and Heinrich Rohrer in 1981 [7] and immediately attracted 
attentions because it can obtain atomic resolution images of surface. After 30 years 
development and optimization, it is widely used in both applied and fundamental 
research now. 
The basic principle of STM is quantum tunneling effect [8,9]. The quantum tunneling 
effect claims that in the microscopic scale, the wavefunction of any particle can be 
extended to both sides of a barrier. It means even if the energy of the particle is lower 
than the barrier, it can still tunnel through the barrier. The principle of STM is based 
on this phenomenon. In an STM system, a metallic tip with the radius of tens of 
nanometers is used to probe the topography of the sample. During the measurement, 
the tip and sample are very close, with the distance to be several angstroms. In such 
cases, the electrons are possible to tunnel through the vacuum barrier between the tip 
and sample. When the tip approaches the sample, the vacuum barrier becomes 
narrower, the overlap of electronic wavefunction and the tunneling current increase 
and vice versa. By measuring and controlling this tunneling current, some information 
at the nanoscale or even atomic scale can be obtained. 
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The tip or sample stage of STM can be controlled by piezoelectric ceramics, thus the 
distance and the relative position between the tip and sample can also be controlled. 
When STM measures the morphology of a sample, it works in constant current mode. 
A bias voltage is applied between the sample and tip. During all the measuring 
process, the tip is adjusted by a feedback circuit to keep the tunneling current to be 
constant, as shown in Fig. 2.8. When the tunneling current is lower than the preset 
value, a feedback voltage will be applied on the piezoelectric ceramic to make the tip 
approach the sample, and vice versa. The information of vertical position of the tip is 
collected and then a topographic image can be generated. 
 
Fig. 2.8 Principles of STM and its feedback circuit 
 
In principle, STM can work in the atmosphere. However, the molecules in the 
atmosphere will easily be trapped on the sample during the collision process and then 
pollute the sample. The samples like Si, Bi or Sb will also be oxidized by air. So the 
STM system is entirely installed in the UHV system, along with the preparation 
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component. This is so called in-situ fabrication and measurement. This configuration 
will significantly improve the performance of STM, and prolong the storage period of 
samples.  
Apart from STM, STS is another measuring method based on the STM technology. 
By STS measurements, the local density of states (LDOS) on a particular point of 
sample can be obtained. Compared with photoelectron spectroscopy, STS has two 
special features: first, it has the localized spatial resolution, which shows a significant 
advantage in measuring the edge states. Second, the density of states above the Fermi 
level, which cannot be detected by most photoelectron spectroscopy, can also be 
observed with a positive sample bias.  
The LDOS is approximately proportional to the dI/dV relation at that point, which 
was proved by Bardeen [10]. The theoretical derivation starts from the perturbative-
transfer Hamiltonian. With a bias voltage V applied to the tip, the tunneling current 




 ρs  EF + ε ρt EF + eV + ε  f EF + ε f EF + eV + ε   M 





 are the density of states on the sample and tip, respectively. The 
function f represents the Fermi-Dirac distribution and M is the tunneling matrix 
element. With the low temperature and small bias approximations, the formula can be 
simplified to be: 
   I =
2πe
ℏ
 M 2  ρs  EF + ε ρt EF + eV + ε dε             (2.2) 
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The LDOS on the tip and sample both contribute to the tunneling current. If we use 
the metallic tip, the ρ
t
 can be approximate as a constant. In this case, dI/dV will be 
nearly proportional to the LDOS on a particular point of the sample. 
 
Fig. 2.9 Principle of STS and its lock-in amplification circuit 
 
The dI/dV curve can be obtained by the direct differentiation of the I/V curve. 
However, the noise in the I/V curve will be dramatically increased after the numerical 
derivation. One common method to solve this problem is to perform the derivation on 
the analog signals by a lock-in amplifier. The method in detail is to superimpose a 
small high frequency sine modulation voltage VR sin ωt + θR  on the DC bias voltage. 
At the same time, the same modulation signal is input to the lock-in amplifier as the 
reference signal, as shown in Fig. 2.9. The pre-amplifier transfers the tunneling 
current signal to a voltage signal, which is a mixture of an AC signal and a DC signal. 
After the voltage signal is input into the lock-in amplifier and multiplied by the 
reference signal, the output voltage will be the projection of the voltage signal to the 
reference Fourier basis. The AC signals with the same frequency as the reference will 
be enhanced and the signal/noise ratio will also be increased. The dI/dV value can 
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thus be obtained within the short time period of reference signal, and avoid the noises 
by setting the modulation frequency higher than the bandwidth of STM feedback 
system.  
 




Fig. 2.11 Unisoku low temperature STM system in our experiments 
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Fig. 2.11 shows our low temperature STM system. In our experiments, the STM/STS 
were usually taken at 4.2 K (liquid-He) or 77 K (liquid-N2). The dI/dV spectra were 
acquired by using a lock-in amplifier with bias voltage modulated at f ~ 700 Hz and 
peak-to-peak amplitude of 5 mV. 
 
2.4 First principle calculations with density functional theory (DFT) 
The first principle calculations refer to modeling real systems at the level of physics 
laws. In the material calculations, the many-body Schrödinger equation in quantum 
mechanics is the basic law. This equation describes all the nuclei and electrons in the 
system. However, because of the complexity of these many-body systems, the 
Schrödinger equation cannot be solved exactly. Therefore, some approximate 
approaches are inevitably used to simplify the system and make it solvable. Some of 
these approaches will be introduced in this section. 
The first important approach to simplify the system is the Born-Oppenheimer 
approximation. It assumes that the nucleus motion is far slower than the electrons 
motion and the former can be regarded as an adiabatic process. This approximation 
reduces the many-body system into the nucleus part and the electrons part. For an 
isolated system of N-electron, the time-independent and non-relativistic Schrödinger 
equation is: 
     ĤΨ = EΨ                (2.3) 
Where E is the electronic energy, Ψ is the many-body wavefunction of electrons, and 
Ĥ is the Hamiltonian of the system, often expressed as: 
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2 Ni=1 +  U ri 
N
i=1 +  
e2
 ri−rj  
N
i<𝑗             (2.4) 
In this Hamiltonian, the first term describes the kinetic energy of all electrons, the 
second term describes the potential given by the nucleus, and the final term is the 
electron-electron Coulomb interactions. 
Even so, the electron-electron interactions are still so complicated. Then the Hartree-
Fock method [12] is proposed to further simplify this problem. In Hartree’s work, the 
electron-electron interactions are simplified to be the interaction between one electron 
and the average effect from the other electrons. The ground state can be assumed to be: 
   Ψ = Ψ r1, r2, … , rn = Ψ r1 Ψ r2 … Ψ rn              (2.5) 
After applying the calculus of variations to the Schrödinger equation with the 
normalization condition to be the Lagrange multipliers, the Hartree self-consistent 
equation can be obtained as the following: 




2 + V r +  e2  
Ψj
∗ r′ Ψj r′ dr′
 r−r′ j
 Ψi r = εiΨi r              (2.6) 
The equation is simplified to solve the wavefunction of one electron Ψi r , and the 
interactions from all the other electrons are considered as an overall effect. This 
equation can be solved by iterative method. It is the first time to obtain a solution 
from the complicated many-electron systems. However, in Hartree’s scheme, the 
exchange interaction between electrons is not considered, the total wavefunction is 
simply set to be the product of all single electron wavefunctions, which is distinct 
from the reality. Later, Fock upgraded this method by considering the exchange 
interaction to follow the Pauli exclusion principle and Fermi-Dirac statistics. The anti-
symmetric ground state wavefunction is: 
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Ψ1 r1 Ψ1 r2 
Ψ2 r1 Ψ2 r2 
… Ψ1 rN 
… Ψ2 rN 
⋮ ⋮
ΨN r1 ΨN r2 
⋱ ⋮
… ΨN rN 
              (2.7) 
Still the calculus of variations is used to simplify the results: 
    δ H −  εii δ Ψ Ψ = 0               (2.8) 
The new self-consistent equations can be written as: 








U r, r′ Ψi r′ = εiΨi r               (2.9) 
where, 




j V r − r
′′  Ψj r
′′  
2
−  V r − r′ j Ψj r
′ ∗Ψi r            (2.10) 
The Hartree-Fock approach theoretically provides a scheme to solve material system, 
but there are still some limitations. First, when the number of nucleus or electrons 
increases, the calculation expense increases too fast. Second, there are still some 
differences between the calculation results and experimental results, although the 
exchange interaction is considered. The difference part is later called correlation 
energy. These two problems are successfully solved by the density functional theory 
later. 
In 1964, the DFT was proposed by Hohenberg and Kohn [13], and completed by 
Kohn and Sham [14] during the following several years. DFT largely simplifies the 
complexity of calculation compared with the Hartree-Fock method. For a system with 
N particles, to solve all wavefunctions by Hartree-Fock method, 3N parameters are 
necessary. While based on DFT, only 3 parameters of spatial coordinate and a scalar 
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field of electron density are required. Because of the great progress by DFT, it 
becomes possible to solve complex material systems numerically.  
Apart from the calculation expense, DFT also considers the correlation energy, as 
well as the exchange energy in the Hartree-Fock method. The correlation energy term 
modifies the difference between previous calculation and experimental results.  
The energy contributed by the electron density n can be written as: 
   E n = T n + EH n + Exc n +  n r V r dr           (2.11) 
where, T n  describes the kinetic energy, EH n  is the electron-electron repulsion, or 
Hartree energy, Exc n  includes the exchange energy and the correlation energy and 
 n r V r dr is the potential energy.  
Then the Kohn-Sham equation, the self-consistent equation under Kohn-Sham frame 
can be written as: 











 n r   Ψi r = εiΨi r            (2.12) 
With the exchange-correlation potential to be: 
        μ
xc
 n r  =
δExc n r  
δn r 
                          (2. 13) 
Actually, the exchange-correlation energy is not solved theoretically, but obtained by 
fitting functions from experimental results. After 50 years development, many 
approximation methods emerge. Among them, local-density approximation (LDA) 
and generalized gradient approximation (GGA) are the most famous ones. There also 
have been developed some common used functions like VWN by Vosko-Wilk-Nusair, 
PZ81 by Perdew-Zunger, CP by Cole-Perdew and PW92 by Perdew-Wang [15,16]. 
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Nowadays, many software and codes for first principle calculations based on DFT are 
available, such as ABINIT, CASTEP, LAMMPS, Material Studio, OpenMX, 
Quantum-ESPRESSO, SIESTA, VASP, and WIEN2K. They are based on different 
pseudo-potential and wavefunction basis (such as atomic orbital, plane-wave, or spin-
orbit coupling basis), and users may make their choices according to different 
requirements. In this thesis, the calculation results are mainly obtained by VASP, 
Material Studio and ABINIT. 
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Chapter 3: Topological Surface States in Sb(111) films 
The previous two chapters briefly introduced background knowledge of this thesis. 
The results of my investigations will be demonstrated starting from this chapter. The 
results part will be organized according to the materials and divided into three 
chapters, i.e., pure Sb, pure Bi and Bi1-xSbx alloys successively. Among these three, 
the investigation on pure Sb is the most basic. It provides a foundation for our further 
investigations. Therefore, more efforts will be spend on explaining and analyzing our 
study on Sb in this chapter. Some of the concepts will also be used in the next two 
chapters.  
The study on Sb will be discussed along with some details about the methods which 
are specific to this part of investigations. The chapter is divided into the following 5 
sections. In Section 3.1, FT-STS [1] will be introduced. The principles of FT-STS, 
data process methods and other essentials of FT-STS will be covered in this section. 
All these contents will be illustrated in combination with the particular experimental 
example of FT-STS on 30-BL Sb(111). In Section 3.2, the numerical methods for QPI 
patterns simulation will be explained in detail. These numerical routines are specially 
designed for the FT-STS results on hexagonal symmetric surface states, so they are 
also compatible with all (111) films of Sb, Bi, and Bi1-xSbx. Based on these 
experimental and numerical methods, Section 3.3 demonstrates the study on the 
evolution of electronic states in Sb(111) films. The large difference of QPI patterns 
between 30-BL and 9-BL Sb(111) films is observed in the experiments. Combined 
with the calculation results, we understood the evolution of surface states in the 
Sb(111) films. The good accordance between experiments and simulations confirms 
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the correctness of both. In Section 3.4, the further calculation results about the inter-
surface coupling and spin-momentum locking in 8-BL Sb(111) films will be 
discussed. It suggests that the 8-BL Sb(111) film is possible to be an elemental 
topological insulator [2,3] with the presence of quantum confinement effect. Finally, 
Section 3.5 will give a conclusion on the study of Sb(111) films as well as some 
limitations of these results. 
 
3.1 Fourier-transform scanning tunneling spectroscopy (FT-STS) 
and quasi-particle interference (QPI) patterns 
According to the experimental methodologies introduced in Section 2.2, STS is a 
good method to acquire the local density of states (DOS) on a surface. However, all 
the DOS data from STS is integrated in the reciprocal space, so it is not a direct 
measure of the dispersion relation of electronic band. Fortunately, FT-STS was 
developed to fill this vacancy. The FT-STS is based on the STS and the hardware 
setup is completely the same. The difference between them is mainly about the 
measurement scheme and data processing. STS measures the DOS at a particular 
point on a surface, when the tip is fixed in position and the bias voltage is scanned 
during the measurements.  We acquire a dI/dV curve proportional to the DOS. In the 
FT-STS measurement, the bias voltage is maintained at a particular value (plus a 
small AC modulation) while the tip is scanned in the X-Y plane, and the dI/dV values 
on the area are measured at a grid of points. Eventually, an area mapping of DOS at a 
particular energy can be obtained. In terms of the form of data, the FT-STS 
measurement has many common features as STM topography measurement. During 
the FT-STS measurement, the feedback circuit is set at slow response to fix the tip 
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height in Z direction. The lock-in amplifier is for extracting DOS signals. After 
acquiring these DOS data, a 2D Fourier transform in X-Y plane is performed to 
convert these data from real space to reciprocal space, and this is the effective data in 
FT-STS measurement. 
 
Fig. 3.1 (a) STM morphology of 30-BL Sb(111) film with atomic resolution image in 
subfigure, (b) dI/dV mapping of 30-BL Sb(111) film 
 
Fig. 3.1 is an example of the FT-STS data on 30-BL Sb(111) film. The FT-STS shares 
the same axes and dimensions with the constant energy contour (CEC) of a band 
structure, but they represent different information of DOS. The CEC describes the 
electronic states at various wave vectors  k  , while the FT-STS illustrates the 
interference pattern between states with different wave vectors. Because the band 
structure near the Fermi level can usually be recognized as quasi-particles, like 
electrons, holes, excitons, or Dirac fermions, the interference patterns obtained by FT-
STS can also be named QPI patterns. All the spots detected in the QPI patterns can be 
traced back to the interference between two quasi-particles. Their scattering vector q   
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in the QPI patterns should equal to  k1    − k2    , where k1     and  k2     represent the wave 
vectors of the involved quasi-particles. For example, the QPI pattern near qB in Fig. 
3.2 (a) is related to the two nearest raindrop shaped hole-pockets in the band structure 
in Fig. 3.2 (b).  
 
Fig. 3.2 (a) QPI pattern of 30-BL Sb(111) at E=5meV, (b) the CEC of 30-BL Sb(111) 
at the Fermi level by DFT calculations 
 
Not any two of the quasi-particles in the band structure should necessarily yield an 
interference spot in the QPI pattern. This is caused by a few different factors. The 
most important one is the spin of the electrons. For the quasi-particles with opposite 
spin direction, the probability of interference between them is 0. For 30-BL Sb(111), 
there are two sets of quasi-particles in the band structure: one is the electron-pocket 
(actually it is a Dirac Cone, which will be discussed in Section 3.3 and 3.4) in the 
centre and the other is the 6 raindrop shaped hole-pockets around. As discussed in 
Section 1.1, for an ideal topological insulator, the topological surface state has spin-
momentum locking, and the spin direction is in-plane and perpendicular to the wave 
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vector. The scattering intensity between electrons with different spin directions is 
proportional to: 
                                 Sk′ Sk  
2 = cos2  θk′ − θk /2            (3.1) 
where, Sk′ and Sk represent the spins of electronic states at k’    and k  , θk′ and θk are the 
spin direction of electronics states at k’    and k  . If we focus on the 30-BL Sb(111) films 
again, without considering the spin direction, there should be mainly four sets of 
scattering channels in the band structure, labeled as qA, qB, qC and qD in Fig. 3.2 (b). 
qA represents the interference between one raindrop hole-pocket and the central 
electron-pocket. These states have nearly the same spin direction. qB and qC represent 
the interference between the nearest and the second nearest raindrops, with the 
difference of spin direction approximately to be 60° and 120°, respectively. qD 
represents the interference between the raindrops in the opposite direction. According 
to the scattering rules, qA and qB have strong scattering factors. The strength of 
scattering for qC is very weak. qD is totally forbidden during the scattering process. In 
this particular case, qA and qB have similar scattering vector q  , and the intensity of qC 
and qD can be neglected. This explains why there are mainly six bright spots that can 
be observed in the QPI pattern of 30-BL Sb films. 
To understand the features of FT-STS, we may compare it with ARPES and STS 
because they have some properties in common. Both FT-STS and ARPES have the 
momentum resolving capacities. The advantages of FT-STS are the capability to 
detect the electronic states above the Fermi level and gather data from a local area at 
the nanoscale. As to the limitations, the FT-STS requires flatter samples, and it also 
requires conductive substrate to allow the tunneling current going through.  
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For the comparison with STS, the most important superiority of FT-STS is its 
capability of reciprocal-space resolution. Additionally, it has a higher accuracy than 
STS. In STS, the DOS is proportional to the dI/dV curve. But there are two 
assumptions during the derivation in section 2.2. One is that the STM tip is an ideal 
metal, which means that its DOS keeps a constant in an energy range around the 
Fermi-level. The other is small bias approximation, which requires the small bias 
voltage. Otherwise the simple equation between DOS and dI/dV curve will no longer 
hold. Unfortunately, neither of the two assumptions is completely satisfied in the 
experiment. The STM tip is usually made of tungsten or platinum-iridium. Although 
they are metallic, they still have their own DOS around the Fermi-level. The tip DOS 
will be reflected in the dI/dV curve by the convolution. When there are some other 
atoms or molecules attached on the tip, the DOS of tip will be totally changed, and 
make it difficult to trace the DOS belonging to each tip. As to the effect of large bias 
voltage, the dI/dV curve always has a V-shape baseline. The inhomogeneity induces a 
different signal at different bias voltage in STS, and leads to the inequivalent status at 
different energy.  
All these shortcomings of STS can be avoided in FT-STS measurement, which 
ensures FT-STS has a higher accuracy. In the FT-STS measurements, as the bias 
voltage is fixed, its disturbance on the DOS is the same throughout the entire dI/dV 
mapping. The final results show a relative DOS. After the Fourier transform removes 
the DC part, the variation of DOS with different position can be distilled. 
Of course, FT-STS inevitably has limitations in comparison with STS. For example, 
an atomically flat area for about 50 nm × 50 nm is necessary for high resolution QPI 
image. There also require some scattering centers in this area or around it, which 
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could be some defects, doped atoms, edges or domain (the scattering centers will be 
discussed in Section 4.1). All these increase the difficulties in sample fabrications. 
In our experiments, the FT-STS mapping is usually performed in a grid of 256 × 256 
points. The scale of the mapping could be 100nm × 100nm. With such settings, the 
QPI pattern obtained after the fast Fourier transform also has 256 × 256 points with 





. Then the total scale of QPI pattern 
should be  0.00628 Å
−1
× 256 = 1.61 Å
−1
, which approximately equals to the first 
Brillouin Zone of Bi or Sb. 
During the measurement, the STM tip should be accurately adjusted perpendicular to 
the sample. Otherwise, the distance between the tip and sample varies during the 
scanning in the X-Y plane. Since the surface DOS is highly sensitive to the tip-sample 
distance in Z direction. Even if the slope of sample is below 0.1 Å
−1
/100 nm, a large 
base slope of DOS will be induced in the mapping. This kind of slope leads to a large 
DC noise around kx=0 or ky=0 after the Fourier transform, and there will be an 
extremely bright line across the QPI pattern. Although this kind of noise can be 
eliminated manually, it has reduced the signal/noise ratio during the process, and 
some effective information has already been lost. For the same reasons, the edges or 
the domains in the sample should also be avoided. This kind of sudden change will 
lead to unexpected noise after Fourier transform, and they sometimes coincide with 
QPI patterns in the reciprocal space and become even more difficult to be eliminated. 
The scanning speed is usually set at 2s/line. If there is some obvious single systematic 
noise coupling in the QPI patterns, we can shift the position of noise line to separate it 
from QPI patterns by adjusting the scanning speed. In the Sb and Bi QPI patterns, the 
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effective data is usually around the Γ point. In these cases, setting the noise line 
approximately to the edge of the first Brillouin Zone can help to avoid the noise. The 
scanning speed could be set to approximately twice of lattice vector divided by the 
period of the systematic noise. If the integrating time on each point is not enough to 
obtain a steady data because of the high scanning speed, two or more repeat mappings 
could be scanned and accumulated numerically to obtain a longer integrating period. 
 
3.2 Simulation of QPI patterns for the Sb films 
In the previous section, we discussed the principle of FT-STS and QPI patterns. As is 
known to us, the QPI patterns show the interference of the electronic states in the 
band structure. If the band structure is simple, the QPI pattern data can be analyzed 
and traced back to the band structure which generates the QPI patterns. However, if 
the band structure is complicated, considering the interference between any two 
electronic states needs to be considered, the analysis and matching of QPI patterns 
will become difficult or impossible. In this case, a simulation of QPI patterns based on 
the band structure is necessary. We may assume the band structure and spin properties 
and simulate the QPI patterns by some numerical methods. After the simulation QPI 
pattern is obtained, we may simply compare the experimental and simulation QPI 
patterns to check whether the assumed band structure or spin properties are correct. 
The flow chart of the routine for QPI simulation is shown in Fig. 3.3. 




Fig. 3.3 Flow chart of the routine for QPI simulation 
 
The band structure we used in the QPI pattern simulation is obtained by the DFT 
calculation. It can be realized by VASP, ABINIT or other DFT software. The QPI 
pattern can only be observed at the surface of the sample, in our experiments, the 
particular cases are the surface states of Sb(111) or Bi(111) films. A slab structure is 
required in our calculation. The films are set to be free standing and the thickness is 
set in accordance with the experiments. A vacuum slab parallel to the X-Y plane is 
inserted to provide a Sb(111) or Bi(111) surface. The two bases of lattice vectors in 
X-Y plan span an angle of 120°. Then the angle between the reciprocal basis vectors 
is 60°. The thickness of the vacuum slab is 15 Å and it can eliminate the coupling of 
the two surface states through the vacuum side.  
Considering the wave vector along z axis, kz, is no longer a good quantum number, 
the self-consistent calculation is performed with the k-points to be 5 × 5 × 1. After 
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this self-consistent calculation, an accurate enough charge distribution in the primitive 
cell can be obtained. Considering the six-fold symmetry and mirror symmetry, it is 
only required to calculate 1/12 of the band structure in the first Brillouin Zone. In the 
1/12 Brillouin Zone area, 136 k-points are calculated, as shown in Fig. 3.4. Such 
configuration considers both the accuracy of band structures as well as the computing 
expenses.  
 
Fig. 3.4 Schematic diagrams for the position of the 136 k-points in the DFT 
calculations 
 
After obtaining the eigenvalues on the 136 points, the energy eigenvalues 
corresponding to the two doubly degenerated surface states are listed in a 136 × 3 
matrix, with the first and second column as the proportion of reciprocal basis for a 
particular k-point, and the last column represents its energy eigenvalue. Next, an 
affined matrix Trp-rc, which transfers the reciprocal proportions to the reciprocal 
coordinates, is multiplied to the transpose of the data.  
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             Trp−rc =  
2 1 0
0  3 0
0 0 1
                     (3.2) 
                                            Drc = (Trc−rp ∙ Drp
T)T                (3.3) 
where, Drc and Drp are the 136 × 3  matrix with k-points expressed in reciprocal 
coordinates and reciprocal proportions, respectively. 
After duplicating the data in the area of 1/12 Brillouin Zone to the whole Brillouin 
Zone according to the symmetry, we obtained a 1632 × 3  matrix, representing 
reciprocal coordinate of 1632 k-points in the whole first Brillouin Zone and their 
corresponding energy eigenvalues.  
Afterwards, the XY scatter data of 1632 k-points are transferred to matrix data. The 
rows and columns correspond to the kx and ky respectively. The ratio of row number 
and column number is approximately equivalent to  3 to 2, which is the ratio of  ΓM      
and ΓK     in a hexagonal Brillouin Zone. The value of the data point is calculated by 
linear interpolation. And then the band structure of the two surface states can be 
meshed by the data grids.  
Since the spin direction needs to be determined for further interference calculation, in 
our calculations, two different algorithms are applied for two different extreme 
conditions. For an ideal topological insulator, the spin direction is set in-plane and 
perpendicular to the wave vectors. When both prerequisites are satisfied, the surface 
states with higher and lower energy at a particular k   have opposite spin directions. At 
the same time, the surface states on the top and bottom surfaces at the same k   also 
have opposite spin directions. On the contrary, when the topological properties are 
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lost, there is no spin-momentum locking and the surface states are totally spin-
degenerate.  
During the interference calculation, a CEC with the energy window (usually 50 meV) 
is cut at a particular energy according to the bias voltage in the FT-STS experiment. 
The scattering between two points on the CEC contributes to the corresponding point 
in the QPI pattern, with a scattering vector q   equal to the difference of the two wave 
vectors. For the spin-momentum locking case, the strength of the interference is 
calculated by the scattering rules discussed in the previous section. On the contrary, 
for the spin-degenerate case, the strength of each scattering is equally considered to be 
1.  
After accumulating all these scatterings, the simulated QPI pattern is obtained. To 
summarize the numerical method, the main input data of the QPI pattern routine are 
the surface band structures obtained by the DFT calculations, the bias voltage, the 
energy window and a logic parameter to switch the spin degeneracy. All the QPI 
simulation results discussed in this thesis are based on this numerical routine.  
 
3.3 Thickness dependent evolution of the electronic states in Sb films 
Using the methodology of FT-STS and the simulation of QPI patterns described in the 
last two sections, I investigated the evolution of the electronic states with the 
thickness variation in Sb films. Now, the experimental and calculation results will be 
presented.  
In Section 3.1, we mentioned that in the QPI pattern of 30-BL Sb(111) films, there are 
only six bright and sharp spots around the Γ  point. They are in the ΓM      direction, with 
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a scattering vector q    approximately 0.3 Å
−1
 from the Γ . To explain the pattern, we 
may refer to the scattering rules of QPI patterns. The ideal topological surface states 
have spin-momentum locking, and the spin direction is in-plane and perpendicular to 
the momentum k    which is labeled on the CEC. As shown in Fig. 3.2 (b), there are 
mainly four couples of interference. qA is from one raindrop to the central part, 
between the states having the same spin; qB is between the states from two nearest 
raindrops, with the difference of spin angle ≈ 60°; qC represents the second nearest 
raindrops, with the spin angle ≈ 120°, and qD represents the raindrops in the opposite 
direction, with the spin also in the opposite direction. For an ideal topological 
insulator, according to the scattering factor, qD is totally forbidden, and qC is weak. 
Here, qA and qB have the similar wave vectors, so it explains why in the 30-BL case 
only 6 points are detected by the STS, as shown in Fig. 3.5 (a). 
Moreover, in our experiments, we find an obvious difference of the QPI patterns 
between the 30-BL case and 9-BL case, shown in Fig. 3.5. In the 9-BL case, there 
exists an extra set of interference intensity outside. These two patterns have different 
scale bars. If we adjust them into the same scale bars, we may find that the central 
part of the 9-BL pattern is similar to the 30-BL case. What we need to do is to explain 
the outside 12-flake pattern. 




Fig. 3.5 QPI patterns of (a) 30-BL Sb(111), (b) 9-BL Sb(111) films by FT-STS 
 
In the 9-BL case, since the films is approaching the 2-dimensional limit. The upper 
and lower surface states will no longer be confined to one surface, but coupled. Since 
they have opposite spin at a particular k   point, the electronic states after the coupling 
will not be completely spin polarized. As a result, the qC and qD channels which are 
forbidden by the spin polarization in 30-BL case are permitted now. The 12-flakes 
pattern is caused by these newly opened channels.  
We simulated the QPI patterns of both cases to verify the above explanation. The left 
column in Fig. 3.6 is the experimental results and the right is the simulations. The 
band structure used in the simulation comes from the DFT calculations. In the 30-BL 
case, we assume the spin polarizations are totally in-plane, and perpendicular to the k  . 
However, in the 9-BL case, the spin is degenerated, which means all scattering 
channels are permitted during the calculation. The large difference between the two 
cases can be observed both in the experiments and calculations. 




Fig. 3.6 QPI patterns of 30-BL and 9-BL Sb(111) by experiments and simulations 
 
There are more evidences for this inter-surface coupling revealed by DFT calculations. 
We calculated lower branch of surface states (refer to Fig. 3.7) distribution along the z 
axis, which is perpendicular to (111) surface. As shown in Fig. 3.8, around 0.27 ΓM    , 
which is close to the raindrop edge, we find in 30-BL films the surface state is 
confined to one of the surface, so it is well spin-polarized. But in the 9-BL case, the 
penetration depth at k=0.27 ΓM     is comparable to the thickness of films. Surface states 
from the upper and lower surfaces are coupled. This accords with our experimental 
results very well, and further confirms the existence of inter-surface coupling [4-6] in 
9-BL Sb (111) films. 




Fig. 3.7 Band structure by DFT calculations for 30-BL and 9-BL Sb(111) 
 
 
Fig. 3.8 Distributions of topological surface states along Z axis for 30-BL and 9-BL 
Sb(111) with the wave vector to be 0.07  ΓM     , 0.27  ΓM     , 0.47  ΓM      and  M  points 
successively 
 
However, there are still some disagreement between FT-STS and simulation QPI 
patterns. According to the band structure obtained by DFT calculations, there is a set 
of electron-pockets around the Fermi level on the edge of the first Brillouin Zone, but 
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their scattering patterns are not detected by the FT-STS. There might be two possible 
reasons to explain it. The first is the set of electron-pocket contains more bulk 
information. The surface partition, which can be detected by the FT-STS, is not strong 
enough or comparable to the central part in the Brillouin Zone. The second 
explanation is the STM/STS tip cannot sense the electrons with higher wave vector 
due to the selection rules during the tunneling process. Experimentally, the band 
structure can also be measured by ARPES. It can help to clarify the disagreement 
between FT-STS data and theoretical calculations. 
Moreover, in the simulation of QPI patterns, the spin direction is approximately 
considered to have either ideal spin-momentum locking or totally spin degenerate. 
This assumption is not accurate enough and it can only provide a qualitative 
simulation result. If a more accurate QPI simulation is required, the spin direction can 
also be obtained by the DFT calculations, and the simulation routine can be optimized 
accordingly.  
 
3.4 Elemental topological insulator by quantum confinement effect 
As mentioned previously, Sb bulk is a semimetal. When the thickness of sample is 
reduced to nanoscale, the continuous bulk states will be quantized by the quantum 
confinement effect. Then the Sb(111) films fabricated in our experiments are possible 
to be elemental topological insulators if the quantum confinement effect helps to open 
a gap in the bulk states and makes the bulk insulating. To confirm this possibility, we 
need to determine whether the Sb films satisfy two requirements: first, an energy gap 
needs to be opened and the surface states should be located in this gap. Second, the 
coupling of two topological surface states from the upper and lower surfaces (inter-
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surface coupling) should not be very strong, so that the electronic states around the 
Fermi level still have spin-momentum locking. Only if both requirements are satisfied 
can the topological surface states be dominant in the transport current, and Sb(111) 
films be classified as elemental topological insulators. In this section, the DFT 
calculation results of the energy gap and the spin polarization in the electronic state 
around the Fermi level will be presented. These results prove that 8-BL Sb(111) film 
satisfies the above two requirements and becomes an elemental topological insulator. 
Fig. 3.9 shows the band structures of Sb(111) films of different thickness by DFT 
calculation. In these figures, the shadowed area is the bulk states projected to Sb(111) 
surface. An approximate 170 meV overlap can be observed between the conduction 
band and the valence band.  
 
Fig. 3.9 Band structure of Sb(111) with different thickness by DFT calculations 
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The solid lines in these figures represent the quantized energy eigenvalues. In the 20-
BL case, which is close to the bulk case, the strongly warped Dirac [7-9] cone can be 
observed around the Γ  point. The surface state is an ideal topological surface state 
around the Γ  point in the 20-BL case. However, around the M  point, the distribution 
of electronic density is nearly uniform throughout the whole sample. Because the 
topological surface state is unable to be separated from these states in energy, the 
spin-momentum locking states cannot be dominant in the transportation process. To 
solve this problem, we should focus on thinner Sb(111) films. According to the 
quantum confinement effect, the energy spacing between quantum well states will 
increase when the thickness of a sample is reduced. As illustrated in Fig. 3.9, the 
energy spacing between different quantum well states around the M  points are 
increased. When the film is thinner than 8-BL, the topological surface states at the 
Fermi level become exposed between the quantum well states. Therefore, the first 
requirement is satisfied when the thickness is lower than 8-BL.  
However, according to the previous results in Section 3.3, when the thickness of 
Sb(111) films is reduced to 8-BL, the inter-surface coupling can no longer be 
neglected. When the coupling of two surface states is increased, the strength of spin-
momentum locking of surface states will be reduced. In order to analyze the strength 
of coupling, the strength of spin-momentum locking for a particular topological 
surface state at k  , ISPL k   , is defined as the following: 
      ISPL k   =  S  0(k  ) S(k  )            (3.4) 
where, S  0(k  ) is the spin direction at k   point for an ideal topological insulator, and 
S(k  ) is the spin direction at k   point for the current topological surface state. The 
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strength of spin-momentum locking equals to the projection of current spin direction 
to the ideal one. Therefore, if the spin direction is the same as the ideal topological 
insulator, the strength of spin-momentum locking will be 1. If the spin is in the 
opposite direction, the strength of spin-momentum locking will be -1. If there is no 
spin polarization at k  , the spin-momentum locking will be 0. 
 
Fig. 3.10 Calculation of spin-momentum locking in topological surface states of 
Sb(111) film for different thickness 
 
The calculated strength of spin-momentum locking in the surface state is shown in Fig. 
3.10. The hexagons represent the first Brillouin Zones of Sb(111) surface. The bright 
part in these patterns represents a higher degree of spin-momentum locking. In 20-BL 
Sb(111) film, most parts of the surface states are spin-separate, including near the 
Dirac cone and the 6 hole-pockets around the Dirac cone. However, the spin-
momentum locking decreases when the thickness is reduced. The lost of spin-
momentum locking starts from the edge of the first Brillouin Zone, and gradually 
spreads to the central part, where the Dirac cone is located. In the 8-BL case, in which 
the Dirac cone shaped surface state can already be positioned in the band gap, the 
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spin-momentum locking is still strong enough near the Dirac cone and the hole-
pockets.  
 
Fig. 3.11 (a) Accumulation of total spin-momentum locking at the Fermi level for 
topological surface states in Sb(111) with different thickness by DFT calculations, (b) 
the band structure of 8-BL Sb(111) showing opened energy gap in the bulk 
 
To present a quantitative analysis, the total amounts of spin-momentum locking, ISPL, 
around the Fermi level (within ±25 meV) for different film thickness are calculated, 
and Fig. 3.11 shows the calculated results. The black dots in this figure represent the 
results by DFT calculation. They are evaluated based on the surface states acquired 
from the DFT calculation and using the equation:  
        ISPL =     S  0 k    Sn k    BZ
Emax
E=Emin
n dk  (E − E′)dE′         (3.5) 
On the right side of the equation,  S  0 k    Sn k     has the same definition as Eqn. (3.8), 
and it equals to ISPL k   . Then the spin-momentum locking is integrated over the first 
Brillouin Zone and summed over all the bands if the eigenvalue on the particular k   
point is between Emax and Emin which are taken as ±25 meV from the Fermi level. 
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We find that, the spin-momentum locking increases with the increase of thickness for 
the thinner cases, because of the reduction of inter-surface coupling with the increase 
of thickness. In this figure, we may also notice that, for 8-BL Sb(111) film, in which 
the bulk energy gap is opened, the topological surface state still possesses about 25% 
spin-momentum locking of the total polarized conditions. This is adequate to make 
the 8-BL Sb(111) film contain a spin-polarized surface state within the bulk energy 
gap and become an elemental topological insulator. However, the topological surface 
states still need some improvements because the strong warping effect on the 
topological surface states is not eliminated by the quantum confinement effect. This 
means that, in spite of the preservation of the spin-momentum locking, 8-BL Sb(111) 
cannot be used as non-dissipation devices, because scattering channels exist around 
the Fermi level. The potential applications of Sb(111) need to be checked by some 
further transport measurements. 
 
3.5 Summary 
To summarize, combining the FT-STS and QPI pattern simulation, we investigated 
the evolution of topological surface states in Sb(111) thin films [10]. With the 
reduction of film thickness, the quantum confinement effect has a positive effect on 
opening a gap in the bulk while the inter-surface coupling has a negative one to 
reduce the spin polarization of the topological surface states. Further DFT calculations 
suggest that the bulk energy gap is opened in 8-BL Sb(111) film and the spin-
momentum locking maintains at 25% of ideal topological insulator. These indicate 
that the 8-BL Sb(111) film can be regarded as an elemental topological insulator.  
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Chapter 4: Electronic States in Bi Films 
In last chapter, the investigations on Sb(111) films are introduced. The QPI patterns 
of topological surface states on Sb(111) are successfully explained and simulated 
based on the DFT calculations, and we further conclude that the 8-BL Sb(111) is 
possibly an elemental topological insulator. However, there are still obvious 
shortcomings for the 8-BL Sb(111) in terms of an ideal topological insulator for 
application. Although there is spin-momentum locking around the Fermi level, the 
bulk states at the top of valence bands are still above Fermi level and they are possibly 
involved in the transport process. Therefore, searching for better topological materials 
is required. 
We know that there is a topological phase transition in Bi1-xSbx, as mentioned in 
Section 2.1 [1]. The properties of topological phase transition point are still 
unrevealed. According to some literatures, the Bi1-xSbx at the critical composition is 
possibly a Weyl semimetal [2,3], i.e., a semimetal with three-dimensional Dirac cones. 
Therefore, the Bi1-xSbx with critical composition itself is an interesting subject. 
Moreover, for the case of Sb, when the thickness is reduced to several bilayers, the 
topological surface state will change dramatically because of the inter-surface 
coupling and quantum confinement effect. We hope to check whether the thickness 
factor will also influence the electronic states in the Bi1-xSbx alloy, shift the critical 
point in the Bi1-xSbx alloy or improve the electronic properties of Bi1-xSbx as a 
topological insulator. 
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To sum up the above two points, we believe that the electronic states in Bi1-xSbx films 
worth more investigations. We aim to generalize our investigations to the Bi1-xSbx 
alloy and its thin films with different compositions.  
Bi1-xSbx is a complicated system. In order to figure out the properties of Bi1-xSbx with 
different composition, we require a general understanding of pure Bi first, which is 
the other extreme of the alloy. So we shift the study on Sb to Bi and perform the set of 
FT-STS measurements on Bi films.  
Section 4.1 will mainly examine the scattering centers in FT-STS. In the FT-STS 
measurement on Bi (111) films, we have to intentionally dope some Sb on the surface 
of Bi as the scattering centers. Otherwise, there will be no QPI patterns on Bi films. 
The details of the scattering centers and different impurities in FT-STS will be 
discussed first. 
In Section 4.2, a numerical method for further enhancing the QPI patterns will be 
introduced. This routine is based on the hexagonal symmetry of electronic states in 
the Bi(111) films. By combining it with the surface doping of Sb, we obtain the FT-
STS experimental data in higher resolution. This signal enhancement method will be 
introduced in this section and the effect of enhancement on 10-BL Bi(111) films will 
be presented. 
In the simulation of QPI pattern of Sb, according to the DFT results, there should be a 
set of interference pattern around the edge of Brillouin Zone, far away from the 
central QPI patterns. However, it was not detected in the FT-STS experiments. In 
Section 4.3, we investigate the tip sensitivity of STM by simulating STS on 6-BL Bi 
(110) films [4-7], because the 6-BL Bi (110) sample has the most stable and reliable 
STS curve in experiments.  
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After improving the data processing and simulation methods, we successfully obtain 
high resolution QPI patterns in 10-BL Bi(111) films [8-12] by FT-STS and these 
results will be demonstrated in Section 4.4. The QPI patterns of 10-BL Bi(111) films 
reveal that there is a strong Rashba effect [13,14] in the surface states of 10-BL 
Bi(111) and the penetration depth of these surface states is much lower than those of 
Sb(111) surface states. 
 
4.1 Scattering centers for QPI in Bi(111) films 
The electronic states in the periodic lattices can be expressed as the Bloch 
wavefunctions, which is the product of a plane wave and a periodic Bloch wave 
packet. 
              Ψ r  = eik
  ∙r u(r )            (4.1) 
Where r  is the position, u(r ) is a periodic function with the same periodicity as the 
crystal. If the phase is also considered, it will include a time-dependent phase factor, 
as shown in formula (4.2). 
 Ψ r , t = eik
  ∙r u(r )eiω∙t             (4.2) 
Without the presence of scattering centers, the phases of the Bloch wavefunctions 
vary with time. After integration in a short period, the total density of states will be 
averaged. So there is not any pattern or density fluctuation to be detected by FT-STS. 
When impurities are introduced into the surface as scattering centers, the phase of 
Bloch waves will be locked around the impurities. Generally, the amplitude of 
electrons at the scattering center is required to be 0. Then there should be a locked 
Chapter 4: Electronic States in Bi Films 
66 
 
phase difference of π between the incident wave and the scattering wave to keep the 
central point 0. After the superposition of incident and scattering wave, the standing 
waves of QPI patterns occur around the impurities. Fig. 4.1 shows the STM image, 
STS mapping and FT-STS of 10-BL pure Bi(111) films without scattering centers. No 
QPI patterns can be observed on pure Bi and the outer spots only correspond to high-
frequency noise in the mapping. 
 
Fig. 4.1 (a) STM image, (b) STS mapping and (c) FT-STS of 10-BL pure Bi(111) 
films without scattering centers 
 
Different kind of impurities will cause different effect. The doped atoms can be 
generally divided into three types: the same group atoms, the different group atoms 
and the magnetic atoms.  
Doping with the same group atoms is the simplest case. Because the atoms in the 
same group usually have the same number of valence electrons, and easily form the 
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same lattice structure. It maintains most properties of the original material. The only 
difference is the atomic radius. The difference in atomic radius leads to a lattice 
distortion and the anomaly of electronic density around these atoms makes the 
impurities scattering centers.  
A more complicate situation is doping with atoms from other groups. For example, 
the most common cased is P-type and N-type doping in semiconductors with the 
atoms in the nearest groups. Considering the dopant has different valence electrons, 
this kind of doping usually leads to a variation of Fermi level. Additionally, since the 
doping atoms have different bond angles, the relaxation process around the scattering 
center will be more complicated. 
For doping with magnetic atoms, which is the most complicated case, all the effects 
discussed in the previous two cases are also involved. Moreover, when the magnetic 
atoms like Cr and Mn are introduced into the sample, some spin-related effect may be 
induced, such as Kondo effect [15,16] or RKKY (Ruderman, Kittel, Kasuya and 
Yosida) effect [17-19]. Apart from these experimental confirmed effects in magnetic 
doped material, the theory of topological insulators also predicts that the magnetic 
dopant in the topological insulator can break the time-reversal symmetry and permit 
the scattering with spin flipping. In some recent experiments, people have also 
observed the quantum anomalous Hall effect (QAHE) [20] in the magnetic doped 
topological insulators. 
In our experiments, a surface doping of Sb is performed on Bi(111) films. Because 
doping with Sb can maintain the lattice structure and the Fermi levels to the maximum 
extent. Furthermore, we also have already been quite familiar with the properties of 
Sb. 





Fig. 4.2 QPI patterns of Bi(111) films (a) before, (b) after Sb surface doping 
 
According to the comparison of QPI patterns before and after Sb doping (see Fig. 4.2), 
we find that the intensity of QPI pattern has been enhanced after doping. This further 
proves the necessity of the scattering centers. Actually, the QPI patterns of doped 
Bi(111) films can be further improved numerically. In the next section, a numerical 
routine will be introduced for further enhancement of the intensity in QPI patterns. 
The method of Sb surface doping to enhance the QPI pattern in Bi(111) film is 
successful. However, there are also some limitations in the process. For example, we 
do not consider the difference of spin-orbit coupling of Bi and Sb and their impact on 
the QPI patterns. Along with this subject, the doping with different atoms including 
the magnetic ones is also interesting. Some further investigations are required to 
reveal them. 
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4.2 Hexagonal enhancement for QPI patterns in Bi(111) Films 
The numerical method for hexagonal enhancement of QPI pattern will be introduced 
in this section along with some experimental results of Bi(111) film. Considering the 
symmetry of Bi(111) or Sb(111) lattice structure, the QPI pattern is necessarily six-
fold symmetric. The intensity on a particular k-point should be the same as that of 
other symmetric k-points. This means that there are six sets of effective experimental 
data in one QPI pattern, with each span an angular range of 60°. If the signal is weak, 
or the noise is too strong, we can average the 6 sets of experimental data to acquire a 
clearer pattern with higher signal/noise ratio. Because the noise usually does not have 
the hexagonal symmetry, once the data is averaged, the signal will be enhanced while 
the noise will be suppressed. 
The QPI pattern we obtained in FT-STS measurement is normally in a 256 × 256 
matrix, with the rows and columns representing kx and ky. The value of the matrix 
represents the intensity in the QPI pattern. In order to average the value on symmetric 
k-points, it is required to collect the k-points at the symmetric positions. For a 4-fold 
or 2-fold symmetric surface, the algorithm is quite easy, because the grids of data 
matrix we use is square. We just need to find the grids on the symmetric positions. 
But for a hexagonal symmetric surface, we may not find all symmetric k-points on the 
grids accurately. Therefore, the following numerical routine is required. 




Fig. 4.3 Schematic diagram of QPI pattern partition labeled by (a) number of points, 
(b) wave vectors 
 
This routine can be generally divided into three steps. First, a 128 × 128 matrix is 
utilized to represent the band structure in 1/6 of the QPI pattern, as shown in Fig. 4.3. 
Linear interpolation is applied to obtain the value on grid points. Then the six 
128 × 128 matrices are averaged on each grid point according to the symmetry to 
enhance the signal strength as the following formula: 




                 (4.3) 
where, Di represents the matrices before averaging, and D is the averaged matrix. This 
process can enhance the QPI intensities with symmetry as signal, and suppress those 
without symmetry as noise. The geometric mean is employed because it can help to 
reduce the noise effectively. 
Finally, the new 128 × 128  matrix is duplicated for 6 copies to construct the 
optimized QPI pattern.  
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After these steps, the routine of enhancement is finished and we obtain the optimized 
QPI pattern. As shown in Fig. 4.4, we may find some feature spots which cannot be 
easily observed in the original data. 
 
Fig. 4.4 QPI patterns on 10-BL Bi(111) films (a) before, (b) after hexagonal 
symmetry enhancement 
 
This routine for QPI pattern enhancement can help to enhance weak signals based on 
symmetry. Original experimental data can thus be used more efficiently. Because a 
rotation of data is applied during this routine, drifting in original STS mapping will 
lead to mismatching of symmetric data point and reduce the reliability of results. 
More attentions should be paid to avoid the drifting during STS mapping before the 
symmetric enhancement is applied. 
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4.3 Tip sensitivity and STS simulation on 6-BL Bi(110) Films 
LDOS from STS cannot be simulated by DFT results well. Moreover, the QPI 
patterns around the edge of First Brillouin Zone predicted by the QPI simulation are 
not observed in the FT-STS experiment. It implies that some of these electronic states 
cannot be detected by FT-STS because of the tip sensitivity. Then, what kinds of 
electronic states can be detected in STM/STS and what cannot is an interesting 
question. If this question is solved, it can improve the simulation of STS and help us 
to derive more information from STS. Therefore, we investigate the tip sensitivity by 
comparing the experimental and simulation results based on DFT.  
The STS experiments and the DFT simulations are performed for 6-BL Bi(110) films. 
Compared with other films we fabricated, the STS on 6-BL Bi(110) samples are more 
stable. It has the minimum variation with respect to the minor movement of tip 
position, tunneling current and tip status. Fewer factors need to be considered in 
simulations and this will simplify the modeling process and reduce the calculation 
difficulty.  
The experiments and calculations are performed as the following. First, we obtain the 
experimental data by the STS measurement on 6-BL Bi(110) film. By repeating 
several times and taking an average value, we acquire a standard experimental 
spectrum. Then the simulated STS is calculated based on the DFT. The density of 
states (DOS) at different k-points and positions in primitive cell are calculated 
separately. After that, they are integrated to get the total DOS. 




Fig. 4.5 Schematic diagram of the parameters optimized in the simulations 
 
Considering the tip sensitivity criteria, the functions describing different weight are 
multiplied during the integration. In these weight functions, three parameters are set to 
be adjustable for optimization. They are Z0, az and ak. Z0 is the distance between the 
top atom of tip and the top atom of sample. az is the penetration depth, which 
describes the tip sensing scale in Z direction in real space (see Fig. 4.5). ak is the k-
sensing scale, which is the sensing scale in kx and ky direction in reciprocal space. A 
function of weight is formed by these parameters during the integration of the DOS.  











2) and n(kx, ky, X, Y, Z) is the local density of state from DFT 
calculations. kZ is not involved in this integration, because kZ is not a good quantum 
number in the slab calculation. The weight functions e−k
2/akand e−(Z−Z0)
2/az  in two 
spaces are both simply set as Gaussian functions. It has the maximum value in the 
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central point and 0 at infinity. This satisfies the requirement that the STM/STS tip has 
the highest sensitivity around the surface and the central part of the reciprocal space. 
Such treatment may not reach the best accuracy, but can have some improvement 
compared to simply integrate the DOS over the whole Brillouin Zone and the 
primitive cell. After setting the parameters for the weight functions, we can obtain the 
simulated STS. 
By comparing the simulated STS with different parameters and the STS from 
experiments, we can figure out whether the parameters are acceptable. To describe the 
similarity between simulated one and experimental one, we need a quantitative 
similarity analysis between two spectra. The difference is obtained by comparing the 
normalized simulated DOS and experimental DOS at different energy successively. 
Therefore, a new function describing the difference between the two spectra is 
defined as: 
   D =    
DOSexp E −DOScal E 





dE           (4.5) 
This value is related to the parameters assumed during the simulation. If we change 
the parameters, the difference will also be changed. Therefore, we calculate the 
difference between experiments and calculations by setting different parameters.  
After finding the best fit parameters, we can use these parameters to optimize the 
simulation of STS. 




Fig. 4.6 Difference between experimental spectrum and simulation results with 
different tip-sample distance 
 
The results of the optimization are shown from Fig. 4.6 to Fig. 4.8. First, we calculate 
with different tip-sample distance Z0. During the calculation, the penetration depth is 
set to be 1 Å and the k-sensibility is set to be 1 Å
-1
. According to Fig. 4.6, the best fit 
occurs when Z0 ≈ 3.3 Å.  
Next, the k-sensing scale ak is optimized. The penetration depth remains 1 Å while the 
tip-sample distance is set at the optimized value 3.3 Å. The results are shown in Fig. 
4.7. When the parameter of k-sensing scale increases from 0 to 0.5 Å
-1
, the simulation 
quality improves fast. When ak > 0.5 Å
-1
, the simulation quality still improves but 
slowly. The similarity of simulation is not reduced when the parameter of sensing 
radius tends to the infinity. This implies that the STM/STS tip has a large sensing 
scale in reciprocal space, including the electronic states around the edge of the first 
Brillouin Zone. 




Fig. 4.7 Difference between experimental spectrum and simulation results with 
different k-sensing scale 
 
 
Fig. 4.8 Difference between experimental spectrum and simulation results with 
different penetration depth 
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Finally, the penetration depth az is optimized. During the optimization, ak and Z0 are 
updated to be infinity and 3.3 Å, respectively. The minimum difference between 
experiments and simulations occurs when az ≈ 1.1 Å.  
After acquiring three best-fit parameters, we simulate the STS again with the updated 
parameters. Fig. 4.9 presents a comparison of experimental STS, original simulation 
and optimized simulation. According to some features pointed in the optimized STS, 
the peaks at 0.2 eV and 1.0 eV are enhanced and the peaks at -0.3 eV and 0.6 eV are 
suppressed. Therefore, the simulation is improved to some degree. 
 
Fig. 4.9 Comparison of STS on 6-BL Bi(110) film by experiments, simulation without 
optimization and simulation with optimization, respectively 
 
To summarize, we investigate the tip sensitivity of STS/STM by simulating the STS 
curve. Three input parameters, which include the penetration depth, the k-sensing 
scale and the tip-sample distance, are adjusted to optimize simulation results. The 
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optimized values are all in reasonable scales. According to the fitting results of k-
sensing scale, the best fit parameter is infinity, which is equivalent to integrate the 
whole Brillouin Zone uniformly. It implies that the dominant factor leading to the 
missing of QPI patterns on the edge of the First Brillouin Zone is the density 
distribution of the states along Z direction in the real space rather than the limitation 
of tip sensing scale in the reciprocal space. However, there are some obvious 
limitations in this study. The difference between the experimental and simulation 
results is reduced indeed, but the amount of the reduction is not satisfactory. There is 
still a quite large difference between the experimental data and the optimized 
simulation, which means some important factors are still neglected. These important 
factors could be the shift of Fermi levels caused by the substrate, the shape of 
STM/STS tip, the electronic field induced by the tip and the DOS on the top of the tip. 
Further efforts should be made to deal these factors in order to develop a more 
accurate method for STS simulations.  
 
4.4 QPI patterns and penetration depth of surface states in Bi(111) 
films 
Different from Sb, bulk Bi possesses a trivial Z2 topological order because of the large 
difference in the strength of spin-orbit coupling. Even though, Bi has spin-polarized 
surface states, an interesting feature in spintronics. This section presents the results of 
investigation on the QPI patterns on 10-BL Bi(111) film, which helps to understand 
the properties of its surface states. 




Fig. 4.10 (a) STS mapping, (b)-(f) FT-STS results at different energies in 10-BL 
Bi(111) film 
 
Fig. 4.10 presents the experimental result of QPI patterns on a 10-BL Bi(111) film. 
The results are optimized using the routine introduced in Section 4.2. To analyze 
these data, we calculate the CEC of 10-BL Bi(111) surface bands.  
Fig. 4.11 presents an example of QPI patterns and CEC in 10-BL Bi(111)  film from 
both experiment and DFT calculation. The CEC of 10-BL Bi(111) is similar to that of 
Sb(111). Both of them have a set of raindrop shaped electronic states in the ΓM     
direction. For the Bi case, the raindrops are much narrower than for Sb, which 
contributes to the bond-shaped pattern pointed by the arrow in Fig. 4.11 (a). The 20 
meV difference of bias voltage between FT-STS and DFT simulation can be 
attributed to the shift of the Fermi level. 




Fig. 4.11 QPI patterns from (a) and (d) FT-STS, (b) and (e) DFT-based simulation; (c) 
and (f) CEC of 10-BL Bi(111) film by DFT calculation 
 
What we are concerned about here is that the QPI patterns detected on 10-BL Bi(111) 
film are more similar to those of 30-BL Sb(111) film, rather than those of 10-BL 
Sb(111) film, especially for the QPI patterns scale and the absence of the 12 outside 
flakes, as shown in Fig. 4.12. This result indicates that the surface electronic states are 
still spin-polarized in 10-BL Bi(111), although for Sb films of the same thickness, the 
spin polarization is already eliminated. 
 
Fig. 4.12 (a) CEC (b) QPI patterns by FT-STS of 10-BL Bi(111) film at 25mV 
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To confirm this observation, we refer to the calculation of surface states distribution. 
As shown in Fig. 4.13, the DFT calculation on the distribution of local density of state 
along Z axis indicates that the penetration depth of surface states in Bi is smaller than 
that in Sb. At 0.27 ΓM    , which is near the inner edge of the raindrops, the surface states 
are strongly localized to the top 2 bilayers of the Bi film. Even at 0.47 ΓM    , which is 
near the tail of the raindrop, the surface states are still spin separable. Therefore, in 
10-BL Bi (111) film, the inter-surface coupling for those states is not very strong, and 
this confirms the highly localization of spin-polarization character for the surface 
states in Bi(111) films. 
 
Fig. 4.13 Distributions of topological surface states along Z axis for 10-BL Bi(111) 
and 10-BL Sb(111) with the wave vector to be 0.07 ΓM    , 0.27 ΓM    , 0.47 ΓM     and M  
points successively 
 
The experiment and calculation results prove that the penetration depth of surface 
states in Bi is smaller than in Sb. The surface states in Bi are strongly localized 
around several top layers. Although not possessing non-trivial topological order, Bi is 
possible to work as cover layers in 3D topological insulators to reduce the penetration 
depth of topological surface states.  




This chapter mainly demonstrates the investigations on the Bi films and some related 
topics. We explained first the formation of QPI patterns, the function of scattering 
centers and the conditions of different types of impurities. Next, we provided a 
numerical method for signal enhancement in QPI patterns based on the symmetry. 
The numerical routine is compatible with most QPI patterns of samples with 
hexagonal symmetry, including the Sb(111), Bi(111), and the (111) surface of Bi1-
xSbx films. This routine can help enhance weak signals from noises in QPI patterns, 
and can be widely used in the QPI pattern investigations. The sensible area of 
STM/STS tip in both real space and reciprocal space is calculated and analyzed by 
comparing experimental data with DFT simulations. The results indicate that the 
STM/STS tip is most sensible to the electronic state with about 3 Å above the surface. 
And the penetration depth is approximately 1 Å. As to the reciprocal space, the 
STM/STS tip can sense the whole Brillouin Zone equivalently. In Chapter 3, two 
possible reasons are analyzed for the missing of QPI patterns on Sb(111) films around 
the edge of the Brillouin Zone compared with the simulation results. The calculation 
now can partially explain this difference and it is attributed largely to the penetration 
depth rather than the k-sensing scale. The STS simulation results still need to be 
improved. More factors need to be considered for further optimization. We also found 
strongly localized spin separable surface states on 10-BL Bi(111) film, caused by the 
strong spin-orbit coupling in Bi films. The experimental and calculation results prove 
that the surface state penetration depth in 10-BL Bi(111) film is much smaller than in 
10-BL Sb(111) film, which makes Bi possible to work as cover layers in 3D 
topological insulators to reduce the penetration depth of topological surface states. 
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Chapter 5: Electronic states in Bi1-xSbx films 
In Chapter 3 and Chapter 4, two extremes of Bi1-xSbx alloy, pure Sb and pure Bi have 
been discussed, respectively. This chapter will focus on the Bi1-xSbx alloy with 
different compositions. As mentioned previously, pure Sb and pure Bi have different 
topological [1] order. With the variation of composition, there is necessarily a critical 
point for topological phase transition. We aim to investigate the Bi1-xSbx film with 
different compositions, including this critical point of topological phase transition by 
STM/STS measurements and DFT calculations. 
Because of the lattice structure and the extremely strong spin-orbit coupling, the band 
order in pure Bi is reversed twice, which makes its topological order trivial. When we 
dope Sb into pure Bi, because the spin-orbit coupling of Sb is much weaker than that 
of Bi, the total spin-orbit coupling of Bi1-xSbx alloy will be reduced. When the Sb 
composition reaches 7%, the electronic bands are reversed, resulting in a topological 
phase transition. Above this doping levels, Bi1-xSbx alloy becomes the topological 
insulator as a bulk band gap opens up. If we continue to increase the Sb composition, 
the band structure will become more and more similar to pure Sb. When the Sb 
composition is above 22%, the valence and conduction bands of Bi1-xSbx bulk start to 
overlap and form a semimetal. For even larger concentration, the topological and 
conduction properties of the alloy become qualitatively the same as pure Sb. 
On the other hand, in Chapter 3, we demonstrated that the 8-BL Sb(111) film is 
possibly an elemental topological insulator. The quantum confinement effect helps to 
open a gap in the bulk states, transforming the interior of 8-BL Sb(111) film from 
semi-metallic phase to insulating phase. Moreover, the experimental and 
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computational results show that the spin-momentum locking in the topological surface 
states, an important feature of topological insulators, is preserved to some degree 
although there is inter-surface coupling between the top and bottom surfaces. 
However, some shortcomings of the 8-BL Sb(111) films are also indicated. For 
example, because of strong warping effect, some bulk states without spin-momentum 
locking are also found near the Fermi level. This might reduce the spin polarization in 
the transport involving the surface states. For mitigating these shortcomings, we are 
still searching for the Bi1-xSbx alloy with less such bulk states around the Fermi Level. 
By combining the above two subjects, we aim to investigate the Bi1-xSbx alloy, 
especially Bi1-xSbx thin films, because the alloy films with proper compositions and 
quantum confinement effect can both help to open a bulk band gap. When either of 
the two factors is considered alone, the valence band in the bulk moves down in 
energy but not enough. The top of the valence band is still slightly above the Fermi 
level. Therefore, by combining these two factors together, we hope to make the Bi1-
xSbx alloy film with proper composition a better topological insulator [2-4].  
In this chapter, the investigations about the Bi1-xSbx film are mainly discussed. First, 
in Section 5.1, the FT-STS experiments on the Bi1-xSbx alloy for different 
compositions along with their QPI patterns will be introduced. By analyzing the 
experimental data, we find that in the QPI patterns, with the variation of composition, 
the intensities along ΓM      and ΓK     also change obviously. But since the surface states of 
Bi1-xSbx are much more complicated, we cannot explain the variation of QPI patterns 
fully. 
To simulate the QPI patterns of the alloy samples, we first attempt to use DFT 
calculations. The relevant work will be introduced in Section 5.2. The method for 
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simulation is similar to the previous two chapters. But since the material is alloy this 
time, we need to construct a large super-cell to fit different composition. For some 
particular compositions, it requires a large super-cell with too many atoms in a 
primitive cell to be conducted by current computers. For the reason of simplicity, we 
first calculated the alloy with an equal composition. This system provides us with a 
rough understanding about the surface states in the Bi1-xSbx alloy. 
In Section 5.3, in order to calculate the alloy surface states with arbitrary composition, 
we utilized the tight-binding method [5]. The tight-binding method is based on the 
k ∙ p theory. To describe the intermediate compositions of alloy, the pseudo-atoms are 
employed [1]. The parameters of pseudo-atoms are set between Sb and Bi atoms 
depending on the composition. The surface band structure for arbitrary composition 
obtained using tight-binding methods makes the simulation for the QPI patterns of 
Bi1-xSbx possible. 
 
5.1 QPI patterns in Bi1-xSbx by STS measurements 
Fig. 5.1 shows the STM images of a Bi1-xSbx film, with x approximately equals to 0.5 
and the thickness around 10-BL. As can be seen in the images, the alloy films follow 
the lattice structure of pure Sb and pure Bi, keeping the A7 structure. The triangle 
islands on the thin films indicates the top of the film is in (111) orientation. The 
composition and thickness are estimated based on the flux of Bi and Sb source and 
confirmed by the measurement of lattice constant. 
 




Fig. 5.1 STM topography of Bi1-xSbx film, the scale of the image are (a) 300 nm ×
300 nm and (b)  100 nm × 100 nm 
 
 
Fig. 5.2 QPI patterns around Fermi level for Bi1-xSbx with different compositions 
 
The FT-STS QPI patterns in Fig. 5.2 are all obtained on 15-BL films of Bi1-xSbx alloy 
with different compositions. The hexagonal enhancement routine discussed in Section 
4.2 is applied in data processing. By comparing these QPI patterns, we discover the 
following features: 
First, the strongest interference peaks appear in ΓM      direction in all compositions. It 
can be traced back to the nearest-raindrop interference discussed in Chapter 3. 
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Besides, there is also a minor peak in ΓK     direction. The ratio of intensities Ik/IM 
decreases with the increase of Sb composition. The ratios of intensity with different 
compositions are shown in Fig. 5.3.  
 
Fig. 5.3 Intensity ratios Ik/IM with different Sb composition 
 
As can be seen in Fig. 5.3, the intensity ratio Ik/IM decreases obviously with the 
increase of Sb composition. This result indicates that the interference intensity in ΓK     
direction is induced by the Bi composition. Limited by the complicated interference 
conditions on the surface states of the alloy films, the essence of these features on the 
evolution of QPI patterns cannot be directly derived from these patterns. Simulation 
results on the alloy QPI patterns are required for further analysis. 
 
5.2 Investigations on electronic states of Bi1-xSbx by DFT 
According to the STM results, the lattice structure of Bi1-xSbx is similar to Sb and Bi 
crystal. The lattice constant is between 4.31Å of Sb and 4.54Å of Bi, depending on 
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the composition of Bi and Sb. Since the Sb or Bi atoms cannot be recognized in the 
STM image, the composition of Sb and Bi in the Bi1-xSbx alloy can only be controlled 
during the deposition process by adjusting the deposition flux and period. The 
estimate of the composition may be not accurate, due to possible inhomogeneity of 
the sample in different area. So we use the DFT calculation to find the relationship 
between the composition of Bi1-xSbx alloy and the lattice constant. Then, the 
measurement of lattice constants can help to confirm the compositions. 
A 2 × 2 × 2 super-cell is created to calculate the lattice constant of Bi1-xSbx alloy with 
different compositions for the minimum calculation expense. In the 2 × 2 × 2 super-
cell, 16 atoms can be set as either Bi or Sb. Therefore, 15 different compositions of 
Bi1-xSbx of alloy can be calculated.  
After setting the type of atoms, the composition of the alloy is determined by the 
number of Sb or Bi atoms. The lattice structure and the position of atoms are totally 
relaxed and optimized. 






















Fig. 5.4 Linear relation of lattice constant with the Sb composition in Bi1-xSbx 
obtained from DFT calculation 
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As shown in Fig. 5.4, according to the DFT calculation results, the lattice constant of 
Bi1-xSbx alloy has an approximately linear relation with the composition of Sb. This 
result helps to confirm the surface composition in STM experiments. It can also 
provide some proof for the parameter treatments in the tight-binding calculations 
which will be discussed in the next section. 
Apart from the DFT calculation about lattice constant, we also calculate the band 
structure and penetration depth of the surface states in Bi0.5Sb0.5. Bi0.5Sb0.5 is the 
simplest case of Bi1-xSbx alloy. The DFT investigation on Bi0.5Sb0.5 alloy includes 
three parts. We compare the band structures of 6-BL Bi0.5Sb0.5 film with different 
atomic structures, the Bi0.5Sb0.5 film for different thickness and the penetration depth 
of 6-BL Sb film and 6-BL Bi0.5Sb0.5 film.  
In a 6-BL Bi0.5Sb0.5 slab, there are 12 atoms in a primitive cell. Among these 12 atoms, 
6 should be Sb and 6 should be Bi. If the alloy is considered to be uniform, we would 
like to assume there are one Sb atom and one Bi atom in each bilayer unit cell. We 
calculated three typical structures satisfying the assumption and possessing the 
highest symmetry. They are the sequential cell (Sb-Bi, Sb-Bi, Sb-Bi, Sb-Bi, Sb-Bi, 
Sb-Bi), Sb-terminated cell (Sb-Bi, Sb-Bi, Sb-Bi, Bi-Sb, Bi-Sb, Bi-Sb), and Bi-
terminated cell (Bi-Sb, Bi-Sb, Bi-Sb, Sb-Bi, Sb-Bi, Sb-Bi). Among these three, the 
sequential one keeps the translational symmetry and breaks the inversion symmetry, 
while the other two keeps the inversion symmetry and breaks the translational 
symmetry. In the calculation, the lattice constant of the super-cell in the x-y plane is 
set as the mean value of Bi and Sb. In the z direction, the atoms are relaxed to obtain 
the minimum energy. 




Fig. 5.5 Band structure of 6-BL Bi0.5Sb0.5 film in (111) direction for (a) sequential, (b) 
Bi-terminated, (c) Sb-terminated structure 
 
As shown in the Fig. 5.5(a), the spatial inversion symmetry is broken in the sequential 
structure, so the Kramers degeneracy is broken in the band structure. In Fig. 5.5(b) 
and (c), the Sb-terminated and Bi-terminated structure maintain the spatial inversion 
symmetry, and all the bands are doubly degenerate. Comparing Sb-terminated 
structure and Bi-terminated structure, it can be found that the warping effect [6] is 
reduced obviously in the Sb-terminated case. Especially, the Dirac point on the 
surface states can be separated from the bulk state in energy, which is a desirable band 
structure. Therefore, the electronic structures are further investigated for the Sb-
terminated case. Fig. 5.6 shows the comparison of band structure for 12-BL and 6-BL 
films. As can be seen, just similar to the Sb(111) film, the reduction of film thickness 
can help to open a gap in the bulk states. In the 12-BL case the bulk band gap is 
around 0.3 eV, while in the 6-BL case the bulk band gap is around 0.5 eV. The results 
indicate that the bulk gap is tunable by the thickness of the film. 




Fig. 5.6 Band structure of (a) 12-BL, (b) 6-BL Bi0.5Sb0.5 film in (111) direction 
 
As mentioned previously, the Sb single crystal has a semi-metal bulk state, which 
seriously affects the transport property. According to the DFT calculation results, Bi 
doping and quantum confinement in thin films are two feasible ways for modifying 
the bulk states and make it insulating.  In 6-BL Bi0.5Sb0.5, we can observe the interior 
states insulating. 
Additionally, we also compare the penetration depth of surface states in pure Sb and 
Bi0.5Sb0.5 films. We calculate the surface states in the lower branch, as labeled in Fig. 
5.7 (a) and (b). According to the results of Chapter 3, there should be strong inter-
surface coupling between the top and bottom surfaces in 6-BL Sb(111) film. For the 
Bi1-xSbx case, the penetration depths can be estimated from the charge distributions 
shown in Fig. 5.7.  




Fig. 5.7 DFT calculation of charge distribution in 6-BL (c)-(e) Bi0.5Sb0.5, (f)-(h) Sb  
for a particular spin direction electrons of lower surface band as labeled in (a) and (b), 
respectively. (c)-(h) show the density of electrons at (c) and (f) 1/15 ΓM     , (d) and (g) 
1/3 ΓM     , (e) and (h) M  point 
 
The penetration depths of surface states in Bi0.5Sb0.5 at k = 1/15 ΓM     , 1/3 ΓM     , M  can 
be estimated from the charge distribution. The penetration depth has been reduced 
effectively in the Bi0.5Sb0.5 alloy, especially for k = 1/3 ΓM     , where the hole pocket is 
located. In the 6-BL Sb film, the surface states have already been strongly coupled 
and become a negative factor for its topological property. However, in the Sb-
terminated alloy, the electronic state is located largely on one side of the film and the 
coupling is not strong. Therefore, Bi0.5Sb0.5 has better spin separable surface states 
than Sb(111).  
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5.3 Investigations on electronic states of Bi1-xSbx by tight-binding 
model 
The band structure and penetration depth of surface states of Bi0.5Sb0.5(111) films can 
been acquired by the DFT calculations. However, only some simple compositions can 
be calculated by super-cells. For complicated compositions, the lattice structure 
cannot be formed in any super-cell, or the super-cells established are too large to be 
calculated with current computational capability. In order to simulate the QPI patterns 
from FT-STS with theoretical band structures, we refer to the tight-binding model. In 
this section, some results about the Bi1-xSbx alloy obtained by tight-binding model are 
presented. We start from the Liu-Allen’s model for pure Bi and pure Sb [5,7]. Based 
on their model, we modify the parameters for Bi atoms and Sb atoms by virtual-
crystal approximation [1] to obtain the pseudo-atoms for different composition. By 
comparing the bulk band structures of Bi0.5Sb0.5 from DFT and tight-binding 
calculations, we consider both methods to be reliable. Afterward, a slab Hamiltonian 
is applied and helps to obtain the surface band structure. 
According to the Liu and Allen’s model, the bulk Hamiltonian can be represented by 
a 16 × 16 matrix, 
        H =  
H11 H12
H21 H22
              (5.1) 
where, H11, H12, H21 and H22 are the 8 × 8 matrices given [5].  
In these Hamiltonians, matrix elements are derived from 15 parameters which are 
used to represent the properties of atoms and lattices. By solving the eigenequation of 
the Hamiltonian, we obtain 16 eigenvalues, which are the related electronic bands of 
the system. The bulk band structure of Bi and Sb are shown in Fig. 5.8 




Fig. 5.8 Band structure of (a) bulk Sb, (b) bulk Bi obtained by tight-binding model 
 
Next, the virtual-crystal approximation is applied. In the virtual-crystal approximation, 
the parameters are modified between Bi and Sb, and compose a theoretical pseudo-
atom. All the atoms in the lattice are assumed to be the pseudo-atoms to simulation 
the effect of alloy. In this case, the 15 parameters are set as the following: 
The 6 lattice parameters have linear relation according to the DFT results: 
            a(x) = xaSb + (1 − x)aBi             (5.2) 
9 hopping terms are assumed to be: 
           V(x) = xVSb + (1 − x
2)VBi               (5.3) 




Fig. 5.9 Calculation results for Bi0.5Sb0.5 bulk by (a) tight-binding model and (b) DFT 
calculations 
 
Fig. 5.9 shows a comparison of Bi0.5Sb0.5 bulk band structure from tight-binding 
model and DFT calculations. Each of the bands shown in the figure is doubly 
degenerate. From the bottom to the top, they are two s-like bands and p-like bands, 
successively. The DFT and tight-binding results are quite similar, which confirms that 
both approximations can acquire reasonable results. However, there are still some 
mismatch between the DFT results and tight-binding results around the Fermi level, 
especially at L, T and H point. In the tight-binding results, the direct band gap at L 
point is around 400meV, while that from DFT calculation is only 150meV. The 
different in between them may be caused by the in accuracy of parameters. 
Next, we calculate the surface band structure of Bi1-xSbx alloy for arbitrary 
composition. Based on the Liu-Allen’s model, we derived the following slab 
Hamiltonian.  
Chapter 5: Electronic States in Bi1-xSbx Films 
98 
 





H11 H10    0
H01 H11 H12
0   H21 H11
…    0        0
…    0        0
…    0        0
⋮      ⋮      ⋮
0      0      0
0      0      0
   ⋱ ⋮ ⋮
   …    H11    H10




            (5.4) 
The Hamiltonian presents an alloy slab in (111) direction. For an N-BL slab, there are 
2 × N sub matrices in each row and columns. Inside the slab, the second nearest 
neighbor interactions, which describe the strongest inter-bilayer interactions, are 
considered in sub matrix H12 and H21. For the top bilayer and bottom bilayer, one side 
is facing the vacuum, so the interaction is not considered in H10 and H01. The surface 
states can be evaluated from the new Hamiltonian. 
 
Fig. 5.10 Surface band structure of 8-BL (a) and (b) Sb, (c) and (d) Bi(111) film; (a) 
and (c) are DFT results; (b) and (d) are tight-binding results 
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Fig. 5.10 shows the surface band structure of 8-BL Sb(111) and 8-BL Bi(111), the 
parameters used are the same as the bulk band calculations. The surface states of Bi in 
tight-binding model are in good accordance with the DFT results. However, for the Sb, 
different from DFT results, there are no strong warping effects in the surface states. 
Considering the strong warping effects are already confirmed by our FT-STS 
experiments, the tight-binding model results on Sb(111) films are not accurate enough. 
 
Fig. 5.11 Surface band structure of 20-BL Bi1-xSbx (111) films for (a) x=0.2, (b) x=0.4, 
(c) x=0.6 (d) x=0.8 by tight-binding calculations 
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By modifying the parameters in virtual-crystal approximation, the surface states with 
different compositions can be obtained. Figure 5.11 shows the surface states of alloy 
films for some particular compositions. 
For the x=0.4-0.8 cases, a Dirac cone shaped topological surface states can be found 
in the band gap respectively. For the x=0.2 case, the Dirac cone shaped topological 
surface states are mixed with the bulk conduction bands in energy and become 
topological trivial. It illustrates the evolution of surface states during the process of 
topological transition. 
Fig. 5.11 also shows a positive bulk gap in the 20-BL Bi1-xSbx alloy. However, 
considering the band structure of Sb surface states from the tight-binding model is not 
in good accordance with the DFT results and experimental results, the positive gap 
requires further confirmation by experiments. Moreover, the QPI patterns derived 
from these band structures may not be accurate enough to simulate the experimental 
FT-STS results. The possible reasons for the difference between DFT and tight-
binding model are summarized as the following: 
First, the parameters used in the tight-binding model are not best fit. Second, more 
interactions between farther atoms are required to be considered such as the forth 
nearest neighbor interactions between bilayers, or even more. 
To solve this problem, the maximally-localized Wannier function based on the DFT 
calculation is a possible method. In that method, the parameters are optimized by the 
DFT calculations. Besides, compared with manual calculation, the computers have 
overwhelming capability to consider many more interactions between atoms. 
Considering all these computations are based on the DFT, as long as adequate minor 
interactions are considered, the tight-binding model and the parameters obtained will 
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necessarily lead to the same band structure as the DFT results, which are in 
accordance with the experiments. Then, the accurate surface band structure of Bi1-




To summarize, we derived the following conclusions about the study on Bi1-xSbx alloy: 
First, in the QPI patterns of Bi1-xSbx film by FT-STS experiments, the max 
interference peaks appear in ΓM      direction for any composition. There is also a minor 
peak in ΓK     direction. The ratio of intensity Ik/IM decreases with the increase of Sb 
composition. 
Second, the DFT calculations indicate that a positive energy gap in Sb can be opened 
by quantum confinement effect as well as by a doping of Bi. The surface states in Bi1-
xSbx thin films show better spin separable property than that of Sb thin films. 
However, limited by the computational capability, the calculation results for arbitrary 
composition cannot be obtained.  
Finally, the surface states of Bi1-xSbx thin films are also calculated by tight-binding 
model. The evolution of surface states with the topological phase transition can be 
acquired. Although it is not accurate enough for band gap calculations, tight-binding 
model provides the accessibility to the surface band structure calculation of Bi1-xSbx 
for arbitrary composition.  
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Chapter 6: Conclusions and future work 
By STM/STS measurements and DFT calculations, the electronic states and their 
topological properties in Sb, Bi and Bi1-xSbx alloy thin films were investigated in this 
thesis. We can conclude this study as following: 
1. Quantum confinement effect can help to open a gap or increase the band gap in Sb, 
Bi and Bi1-xSbx films. 
2. Inter-surface coupling of surface states was observed in both Sb and Bi films 
experimentally. 
3. Compared with the surface states of Sb(111) films, the surface states of Bi(111) 
and Bi1-xSbx(111) films have smaller penetration depth, which can help to reduce 
the inter-surface coupling in topological thin films. 
4. Simulation methods were developed for QPI patterns based on DFT calculations. 
 
There are some interesting topics for future study: 
1. QPI simulations can be optimized by deriving the spin direction from the DFT 
calculations. The current simulation methods is extracting the band structure from 
DFT calculations and assuming the spins as in ideal conditions. Considering the 
spin in reality is not ideally polarized, it might result in some differences between 
experiments and simulations. Therefore, it will be valuable to spend some efforts 
on extracting the spin information from DFT calculations to improve the 
simulation quality. 
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2. In this thesis, the tight-binding calculations are based on considering third nearest 
hopping [1]. However, the results of Sb band structure are not accurate enough. In 
future work, it is possible to extract the hopping terms in the Hamiltonians from 
the DFT calculations based on maximally localized Wannier Function, such as 
OpenMX, to improve the accuracy of band structure calculations and FT-STS 
simulations. 
3. According to some theoretical work, hydrogen terminated 5-8 BL Bi(111) thin 
films [2] and single bilayer Bi(111) film [3] were predicted to be 2D topological 
insulators. It will be interesting to grow these thin films and do similar 
measurements and analysis as introduced in this thesis. Such study can determine 
the band structure and spin properties of these films and experimentally clarify 
whether the theoretical prediction are correct. 
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